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Abstract 
Any composite material is made up from two or more materials and therefore contains 
interfaces, which usually represent planes of weakness. Interfacial fractures are effectively 
constrained to propagate along these interfaces as mixed-mode fractures with all three 
opening, shearing and tearing actions (i.e. mode I, mode II and mode III), instead of kinking 
to maintain pure-mode-I conditions at the advancing crack front, as would typically happen in 
an isotropic material. This is significant because mixed-mode fracture toughness is load-
dependent and not a purely intrinsic material property (although clearly the pure mode 
fracture toughnesses are indeed intrinsic material properties that can be determined 
experimentally). Therefore, in order to know the fracture toughness under general loading 
conditions, it is necessary to know both the interface failure criterion (that describes the 
fracture toughness as a function of the mode mixity), and the mode mixity of the crack under 
the specified loading conditions. This is a complex problem that has occupied researchers in 
the fracture mechanics community for decades. Consequently, the literature contains a large 
number of different mixed-mode partition theories. 
This work appears to show that, of all the partition theories assessed, Wang and Harvey’s 
(2012a) Euler beam partition theory is able to most accurately predict the fracture toughness 
of a mixed-mode delamination in a fibre-reinforced polymer composite laminate. This 
statement is based on the outcomes of three separate studies: 
The first study uses data reported in the literature from a thorough programme of mixed-
mode fracture testing of unidirectional and multi-directional laminates. The Euler beam 
partition theory is able to accurately predict the fracture toughness in all cases. Furthermore, 
the Euler beam partition theory, which is completely analytical, closely agrees over a large 
domain with Davidson et al.’s (2000) independently-derived non-singular field partition 
theory, which was derived with the aid of experimental test results. In general, the singular-
field approach based on 2D elasticity and the finite element method give poor predictions. 
In the second study, an original programme of mixed-mode fracture testing is carried out, 
which incorporates several novel aspects including new test apparatus and a methodology for 
testing with a wide range of applied pure bending moments. Eighty five fracture tests are 
performed on unidirectional glass/epoxy laminates to determine the initiation and propagation 
fracture toughnesses. Although the second study was inconclusive with respect to the 
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correctness of any particular partition theory, the development of the test apparatus and test 
methodology are considered to be major contributions that will be useful for both design 
engineers and academic researchers, not only working with fibre-reinforced polymer 
composite laminates, but also working with other composite materials containing interfacial 
cracks. 
The third study uses digital image correlation to investigate the near-crack tip strain fields of 
mixed-mode delaminations to try to discover the underlying mechanics that govern the 
selection of a mixed-mode partition theory. The new testing apparatus is used again, and 
another novel testing methodology is developed. The work appears to confirm (with some 
caveats) that two sets of pure modes exist, that is, two pure mode I modes, and two pure 
mode II modes, with their numerical values roughly corresponding to those from Wang and 
Harvey’s (2012a) Euler beam partition theory. It should be noted that, as far as the author’s 
knowledge is concerned, Euler beam partition theory is the only one in the literature to 
predict the existence of two sets of pure modes. 
Although this work set out to conclusively determine which mixed-mode partition theory is 
able to most accurately predict the fracture toughness of a mixed-mode delamination in a 
fibre-reinforced polymer composite laminate, and also, to discover why, the outcomes cannot 
truly be called ‘conclusions’. Rather, they only offer strong support for Wang and Harvey’s 
(2012a) Euler beam partition theory for predicting the fracture toughness fibre-reinforced 
polymer composite laminates against delamination. Despite this, the work makes major 
contributions that will be useful for both design engineers and academic researchers in the 
field, as described in the above. 
List of publications 
Journal papers 
1. Harvey, C..M. Eplett, M.R. and Wang, S. (2015), ‘Experimental assessment of mixed-
mode partition theories for generally laminated composite beams’, Composite Structures, 
124, 10–18. 
2. Dai, S. Harvey, C.M. Eplett, M.R. Cunningham, P. and Wang, S. (2017), ‘The mixed-
mode fracture mechanics of delamination glass/epoxy laminates’, In preparation. 
Conference presentations 
1. ‘Experimental assessment of mixed-mode partition theories for generally laminated 
composite beams’, at the 18th International Conference on Composite Structures 
(ICCS18). 6–9 July 2015, Lisbon, Portugal. 
2. ‘DIC for strain fields of mixed-mode delamination’, at the 19th International Conference 
on Composite Structures (ICCS19). 5–9 September 2016, Porto, Portugal. 
 
Acknowledgements 
I would like to start by acknowledging Dr. Chris Harvey for offering me the chance to 
undertake this PhD. He has supported me for the duration of this PhD, both within the role of 
supervisor and outside of that as well. He has offered invaluable guidance, infinite patience, 
friendship, his expertise and has even stood over me with a cattle prod when I have needed it. 
I am forever grateful. Thank you Dr Mr Chris. 
I would like to thank Dr. Simon Wang for his advice, thoughts and musings for the theory 
and analysis of the data gathered. 
I would like to thank Dr. Paul Cunningham for his expertise, knowledge and training in the 
manufacture of composites. These skills proved incredibly valuable for the duration of this 
PhD. I would also like to thank him for showing me ‘Parks and Recreation’ and the 
introduction to Ron Swanson, my hero, role model and idol. 
I would like to thank the technical staff for their help, patience, advice and hard work in the 
creation of the UBM apparatus; Dave Roche especially for his hard work and patience in the 
many iterations of the UBM development, Grenville Cunningham for his advice in the early 
design and David Cooper for his work on the early steps of the apparatus. 
I would like to thank the Department of Aeronautical and Automotive Engineering for 
providing me with funding for this thesis and for providing additional funding to attend ICCS 
18 in Lisbon in the summer of 2015.  
I would like to thank the occupants of SM202, whom I have kept cold throughout my time 
seated next to the (open) window. I would like to especially thank them for modifying the 
autocorrect on my computer to change many words within this thesis to other words that were 
less helpful or appropriate, and I will forever and fondly remember them as bastards. I would 
like to thank Dr. Anna Perry for teaching me to steal Danishes in my first year in the 
aeronautical engineering department, who could have guessed that other people’s graduations 
could be fun… 
I would like to thank Chloe for putting up with my lack of sanity, teaching me all about the 
English language, her expert chocolate making skills, and always being there when I have 
needed her. 
 
Acknowledgements vii 
 
I would like to thank Thea for her hard work in attempting to culture me (no easy feat) and 
showing me how enjoyable musical theatre can be in her master’s rendition of Jane Eyre 
earlier this year. You were amazing you weirdo. I would also like to thank Thea and Fidel for 
being such wonderful placeholder images for many of the figures during the creation of this 
thesis. 
I would like to thank my old friend Czech for the years of putting up with me, but I won't 
because he didn't help proof read this thesis. I would love to thank Abi who did... 
I would like to thank Loughborough Students Fencing Club for the five times weekly 
offerings of willing victims for me to stab, repeatedly. 
I would like to thank the Lagavulin distillery for all their hard work in the creation of the 
nectar of the Gods. The 16 year being a godsend and I will continue to marvel at the beauty 
of the 8 year. 
I would like to thank Granny and Grandad for their years of nurturing my curiosity, 
especially in science and engineering, as well as their constant love, support, their visits 
whilst I have been at Loughborough, and ensuring my appreciation of good cheese and food! 
I am forever grateful, thank you Ros and Roger Upton-Brown. 
Finally I would like to thank my Mum, Dad, Baby Sister and all of my family for their love, 
support, patience and for believing in me at every point throughout everything. 
  
 
 
 
 
 
 
 
I regret nothing. The end. 
– Ron Swanson 
IV.IV.MMXIII 
Contents 
Abstract ................................................................................................................................... iii 
List of publications ................................................................................................................... v 
Acknowledgements ................................................................................................................. vi 
Contents ................................................................................................................................... ix 
Figures ................................................................................................................................... xiii 
Tables ...................................................................................................................................... xx 
Principal notation................................................................................................................. xxv 
List of acronyms ................................................................................................................. xxvii 
1. Introduction .......................................................................................................................... 1 
2. Background theory .............................................................................................................. 5 
2.1. Laminated composite materials ....................................................................................... 5 
2.1.1. Basic concepts and terminology .................................................................................. 5 
2.1.2. Delamination ................................................................................................................ 7 
2.1.3. Constitutive equations of a lamina ............................................................................... 8 
2.1.4. Classical laminated plate theory ................................................................................ 11 
2.1.5. One-dimensional laminated beam theory .................................................................. 12 
2.2. Fracture mechanics ......................................................................................................... 13 
2.2.1. Energy release rate ..................................................................................................... 13 
2.2.2. Fracture modes ........................................................................................................... 16 
2.2.3. Stress intensity factor ................................................................................................. 17 
2.2.4. J-integral .................................................................................................................... 18 
2.2.5. Fracture toughness ..................................................................................................... 21 
2.2.6. Interfacial fracture ...................................................................................................... 23 
2.2.7. Fracture mode partitions ............................................................................................ 26 
2.3. Digital image correlation ................................................................................................ 30 
3. Review of mixed-mode fracture testing ........................................................................... 33 
3.1. Experimental test methods ............................................................................................. 33 
3.1.1. Mechanical tests ......................................................................................................... 33 
Pure mode tests ................................................................................................................ 34 
Mode II standard .............................................................................................................. 40 
Mixed-mode tests ............................................................................................................. 41 
3.1.2. Visual observation methods ....................................................................................... 47 
3.1.3. Digital image correlation ........................................................................................... 47 
 
Contents x 
 
3.1.4. Infra-red thermography .............................................................................................. 48 
3.1.5. Thermal stress analysis .............................................................................................. 48 
3.1.6. Acoustic emission ...................................................................................................... 49 
3.1.7. Linearly variable displacement transducer ................................................................ 49 
3.1.8. Fractographic analysis ............................................................................................... 50 
3.2. Methods for post-processing experimental data .......................................................... 51 
3.2.1. Mathematical presentations of the major partition theories ....................................... 51 
The Wang-Harvey partition theories ............................................................................... 51 
Davidson et al.’s 2D-elasticity non-singular-field partition theory ................................. 57 
The Suo-Hutchinson partition theory .............................................................................. 57 
The Williams theory ........................................................................................................ 59 
3.2.2. Second-order shear-thickness deformation beam theory ........................................... 60 
3.2.3. Linear beam theory with shear ................................................................................... 61 
3.2.4. Beam theory and compliance calibration ................................................................... 61 
3.2.5. Combined experimental-numerical analyses ............................................................. 61 
3.3. Other points of interest ................................................................................................... 63 
3.3.1. Multidirectional and unidirectional laminas .............................................................. 63 
3.3.2. Friction ....................................................................................................................... 65 
3.3.3. Stiffer specimens ........................................................................................................ 66 
3.3.4. R-curve ....................................................................................................................... 66 
3.4. Summary of partition theories ....................................................................................... 69 
4. Preliminary assessment of partition theories .................................................................. 70 
4.1. Introduction ..................................................................................................................... 70 
4.2. Mixed-mode partition theories ...................................................................................... 74 
4.2.1. Wang and Harvey’s Euler beam partition theory ...................................................... 74 
4.2.2. Davidson et al.’s 2D-elasticity non-singular-field partition theory ........................... 78 
4.3. Assessment ....................................................................................................................... 79 
4.3.1. Unidirectional specimens ........................................................................................... 80 
4.3.2. Constrained unidirectional specimens ....................................................................... 83 
4.3.3. Multidirectional specimens ........................................................................................ 85 
4.4. Conclusions ...................................................................................................................... 90 
5. Fracture toughness testing methodology ......................................................................... 92 
5.1. Development of the UBM test ........................................................................................ 92 
5.1.1. Version 1 – Concept design ....................................................................................... 92 
5.1.2. Version 2 – Prototype ................................................................................................ 94 
5.1.3. Version 3 .................................................................................................................... 98 
 
Contents xi 
 
5.1.4. Version 4 .................................................................................................................. 100 
5.1.5. Version 5 .................................................................................................................. 101 
5.1.6. Future development ................................................................................................. 102 
5.2. Specimen development ................................................................................................. 103 
5.2.1. Geometry .................................................................................................................. 103 
5.2.2. Layup method .......................................................................................................... 104 
5.2.3. Cure cycle ................................................................................................................ 108 
5.2.4. Loading blocks ......................................................................................................... 110 
5.3. Experimental procedure ............................................................................................... 111 
5.4. Compliance calibration ................................................................................................ 117 
5.4.1. Compliance calibration using a power law least-squares fit .................................... 118 
5.4.2. Compliance calibration using a quadratic law least-squares fit ............................... 119 
5.4.3. Modified compliance calibration ............................................................................. 119 
5.4.4. Initiation fracture toughness .................................................................................... 120 
6. Fracture toughness test results ....................................................................................... 122 
6.1. Introduction ................................................................................................................... 122 
6.2. Test specimens ............................................................................................................... 124 
6.3. Results ............................................................................................................................ 127 
6.3.1. DCB testing of symmetric DCB specimens ............................................................. 128 
6.3.2. UBM testing of symmetric DCB specimens ............................................................ 134 
6.3.3. UBM testing of asymmetric DCB specimens .......................................................... 176 
6.4. Comparison of pure mode I DCB and UBM tests ..................................................... 218 
6.5. Analysis of mixed-mode partitions .............................................................................. 220 
6.5.1. Symmetric specimens .............................................................................................. 220 
6.5.2. Asymmetric specimens ............................................................................................ 224 
6.5.3. Assessment of the partition theories ........................................................................ 228 
6.6. Apparatus performance ............................................................................................... 231 
6.7. Conclusions .................................................................................................................... 234 
7. Fracture testing with digital image correlation ............................................................. 237 
7.1. Introduction ................................................................................................................... 237 
7.2. Experimental procedure ............................................................................................... 238 
7.3. UBM test apparatus ...................................................................................................... 238 
7.3.1. Sample preparation .................................................................................................. 240 
7.3.2. Testing procedure ..................................................................................................... 242 
7.4. Results ............................................................................................................................ 243 
7.4.1. Pure modes in symmetric DCB specimens .............................................................. 243 
 
Contents xii 
 
7.4.2. Pure modes in asymmetric DCB specimens ............................................................ 248 
7.5. Conclusions .................................................................................................................... 254 
8. Conclusions ....................................................................................................................... 256 
References ............................................................................................................................. 263 
Appendix A: UBM Apparatus Drawings ........................................................................... 274 
Figures 
Figure 1: A laminate made up of UD laminae with different fibre orientations (Reddy 2004) 6 
Figure 2: The principal material coordinate system  321 ,, xxx  for a UD fibre-reinforced 
lamina (Reddy 2004).................................................................................................................. 9 
Figure 3: The principal material coordinate system  zyx ,,  and the global coordinate system 
 321 ,, xxx  for a UD fibre-reinforced lamina (Reddy 2004) ...................................................... 11 
Figure 4: The coordinate system and layer numbering for a laminated plate (Reddy 2004) ... 12 
Figure 5: ERR (represented by the shaded area) during infinitesimal crack extension a  from 
point 1 to point 2 with (a) fixed displacement, and (b) fixed force ......................................... 16 
Figure 6: The three modes of fracture (Shi 2009) .................................................................... 16 
Figure 7: Integration paths for the J-integral (Sarrado, Turon, Renart, Urresti 2012) ............. 19 
Figure 8: Symmetric integration paths for the mode decomposed J-integral (Sarrado et al. 
2012) ........................................................................................................................................ 20 
Figure 9: Mixed-mode fracture toughness diagrams for simple failure criteria ...................... 25 
Figure 10: A subset of speckles from an example speckle pattern on the surface of a body that 
is undergoing deformation (LaVision 2014) ............................................................................ 31 
Figure 11: The principle of operation of DIC (LaVision 2014) ............................................... 31 
Figure 12: The DCB test .......................................................................................................... 34 
Figure 13: Typical load-displacement curve for a DCB (left); Typical crack length-
compliance curve from multiple DCBs (right) ........................................................................ 35 
Figure 14: The CDP test .......................................................................................................... 37 
Figure 15: The ENF test ........................................................................................................... 38 
Figure 16: The ELS test ........................................................................................................... 39 
Figure 17: The CENS test ........................................................................................................ 40 
Figure 18: The MMB test ........................................................................................................ 41 
Figure 19: The FRMM test ...................................................................................................... 43 
Figure 20: The VRMM test...................................................................................................... 44 
Figure 21: The SLB test ........................................................................................................... 44 
Figure 22: The UBM test (Sørensen, Jørgensen, Jacobsen, Østergaard 2006) ........................ 45 
Figure 23: A linearly variable displacement transducer measuring crack propagation 
(Sørensen et al. 2006) .............................................................................................................. 49 
 
Figures xiv 
 
Figure 24: A DCB: (a) General description; (b) Crack tip forces ............................................ 51 
Figure 25: Typical R-curves of 0°/0°, 0°/67.5° and 0°/90° specimens (Pereira and de Morais 
2004) ........................................................................................................................................ 67 
Figure 26: Fibre bridging on 0°/67.5° specimen (Pereira and de Morais 2004) ...................... 67 
Figure 27: Summary of partition theories ................................................................................ 69 
Figure 28: A DCB: (a) General description; (b) Crack tip forces ............................................ 75 
Figure 29: Fracture toughness of midplane and offset delaminations in UD laminates made 
from C12K/R6376 ................................................................................................................... 82 
Figure 30: Difference between GGII  from Wang and Harvey’s Euler beam partition theory 
and Davidson et al.’s partition theory with overlaid test points for UD beams ....................... 83 
Figure 31: Fracture toughness of midplane and offset delaminations in constrained UD 
laminates made from C12K/R6376 ......................................................................................... 85 
Figure 32: Fracture toughness of midplane and offset delaminations in MD laminates made 
from C12K/R6376 ................................................................................................................... 86 
Figure 33: Fracture toughness of midplane and offset delaminations in MD laminates 
T800H/3900-2 (Davidson, Bialaszewski and Sainath 2006) ................................................... 89 
Figure 34: Mixed-mode failure loci for laminates made from C12K/R6376 with a UD layup 
and with MD layup F (Davidson, Gharibian and Yu 2000) .................................................... 90 
Figure 35: UBM version 1 – early concept .............................................................................. 93 
Figure 36: UBM version 2 – prototype .................................................................................... 94 
Figure 37: UBM upper beam ................................................................................................... 95 
Figure 38: UBM cable continuation pulley ............................................................................. 95 
Figure 39: UBM pulley setup .................................................................................................. 96 
Figure 40: UBM rollers ............................................................................................................ 96 
Figure 41: UBM baseplate ....................................................................................................... 97 
Figure 42: UBM version 3 ....................................................................................................... 98 
Figure 43: UBM updated baseplate ......................................................................................... 99 
Figure 44: UBM version 4 ..................................................................................................... 100 
Figure 45: UBM pins and rollers ........................................................................................... 101 
Figure 46: UBM transverse beam changes ............................................................................ 102 
Figure 47: UBM upper beam cable start and termination distances ...................................... 102 
Figure 48: Glass/epoxy prepreg ............................................................................................. 104 
 
Figures xv 
 
Figure 49: Cleaned surface and rubber tape .......................................................................... 105 
Figure 50: Rubber tape and tab positions .............................................................................. 106 
Figure 51: Vacuum bag .......................................................................................................... 106 
Figure 52: ETFE insert placement ......................................................................................... 108 
Figure 53: Two panels ready for curing ................................................................................. 109 
Figure 54: One completed panel ............................................................................................ 110 
Figure 55: Top surface of a completed specimen with loading blocks (top) and side surface 
with 5-mm graduations for measurement of crack propagation (bottom) ............................. 111 
Figure 56: LaVision Imager E-lite CCD camera ................................................................... 112 
Figure 57: LaVision linear LED illumination unit ................................................................ 113 
Figure 58: UBM apparatus and recording system during testing .......................................... 116 
Figure 59: UBM in 012 MM  setup ................................................................................... 117 
Figure 60: A typical example of a load-displacement trace from a UBM test ...................... 120 
Figure 61: Locating the 5% increase in compliance point in the load-displacement trace .... 121 
Figure 62: P1-DCB-g1-1........................................................................................................ 129 
Figure 63: P1-DCB-g1-2........................................................................................................ 130 
Figure 64: P1-DCB-g1-3........................................................................................................ 131 
Figure 65: P1-DCB-g1-4........................................................................................................ 132 
Figure 66: P1-DCB-g1-5........................................................................................................ 133 
Figure 67: P17-UBM-g1-1 ..................................................................................................... 135 
Figure 68: P17-UBM-g1-2 ..................................................................................................... 136 
Figure 69: P17-UBM-g1-3 ..................................................................................................... 137 
Figure 70: P17-UBM-g1-4 ..................................................................................................... 138 
Figure 71: P17-UBM-g1-5 ..................................................................................................... 139 
Figure 72: P17-UBM-g1-7 ..................................................................................................... 141 
Figure 73: P17-UBM-g1-8 ..................................................................................................... 142 
Figure 74: P17-UBM-g1-9 ..................................................................................................... 143 
Figure 75: P17-UBM-g1-10 ................................................................................................... 144 
Figure 76: P18-UBM-g1-1 ..................................................................................................... 145 
Figure 77: P18-UBM-g1-2 ..................................................................................................... 146 
Figure 78: P18-UBM-g1-3 ..................................................................................................... 147 
Figure 79: P18-UBM-g1-4 ..................................................................................................... 148 
 
Figures xvi 
 
Figure 80: P18-UBM-g1-5 ..................................................................................................... 149 
Figure 81: P18-UBM-g1-6 ..................................................................................................... 151 
Figure 82: P18-UBM-g1-7 ..................................................................................................... 152 
Figure 83: P18-UBM-g1-8 ..................................................................................................... 153 
Figure 84: P18-UBM-g1-9 ..................................................................................................... 154 
Figure 85: P10-UBM-g1-2 ..................................................................................................... 155 
Figure 86: P10-UBM-g1-3 ..................................................................................................... 156 
Figure 87: P10-UBM-g1-4 ..................................................................................................... 157 
Figure 88: P10-UBM-g1-5 ..................................................................................................... 158 
Figure 89: P10-UBM-g1-6 ..................................................................................................... 160 
Figure 90: P10-UBM-g1-7 ..................................................................................................... 161 
Figure 91: P10-UBM-g1-8 ..................................................................................................... 162 
Figure 92: P10-UBM-g1-9 ..................................................................................................... 163 
Figure 93: P10-UBM-g1-10 ................................................................................................... 164 
Figure 94: P11-UBM-g1-6 ..................................................................................................... 165 
Figure 95: P11-UBM-g1-7 ..................................................................................................... 166 
Figure 96: P11-UBM-g1-8 ..................................................................................................... 167 
Figure 97: P11-UBM-g1-9 ..................................................................................................... 168 
Figure 98: P11-UBM-g1-10 ................................................................................................... 169 
Figure 99: P12-UBM-g1-1 ..................................................................................................... 171 
Figure 100: P12-UBM-g1-2 ................................................................................................... 172 
Figure 101: P12-UBM-g1-3 ................................................................................................... 173 
Figure 102: P12-UBM-g1-4 ................................................................................................... 174 
Figure 103: P12-UBM-g1-5 ................................................................................................... 175 
Figure 104: P13-UBM-g2-1 ................................................................................................... 176 
Figure 105: P13-UBM-g2-2 ................................................................................................... 177 
Figure 106: P13-UBM-g2-3 ................................................................................................... 178 
Figure 107: P13-UBM-g2-4 ................................................................................................... 179 
Figure 108: P13-UBM-g2-5 ................................................................................................... 180 
Figure 109: P13-UBM-g2-6 ................................................................................................... 182 
Figure 110: P13-UBM-g2-7 ................................................................................................... 183 
Figure 111: P13-UBM-g2-8 ................................................................................................... 184 
 
Figures xvii 
 
Figure 112: P13-UBM-g2-9 ................................................................................................... 185 
Figure 113: P13-UBM-g2-10 ................................................................................................. 186 
Figure 114: P14-UBM-g2-2 ................................................................................................... 187 
Figure 115: P14-UBM-g2-3 ................................................................................................... 188 
Figure 116: P14-UBM-g2-4 ................................................................................................... 189 
Figure 117: P14-UBM-g2-5 ................................................................................................... 190 
Figure 118: P14-UBM-g2-7 ................................................................................................... 192 
Figure 119: P14-UBM-g2-8 ................................................................................................... 193 
Figure 120: P14-UBM-g2-9 ................................................................................................... 194 
Figure 121: P14-UBM-g2-10 ................................................................................................. 195 
Figure 122: P15-UBM-g2-1 ................................................................................................... 196 
Figure 123: P15-UBM-g2-2 ................................................................................................... 197 
Figure 124: P15-UBM-g2-3 ................................................................................................... 198 
Figure 125: P15-UBM-g2-4 ................................................................................................... 199 
Figure 126: P15-UBM-g2-5 ................................................................................................... 200 
Figure 127: P16-UBM-g2-1 ................................................................................................... 202 
Figure 128: P16-UBM-g2-2 ................................................................................................... 203 
Figure 129: P16-UBM-g2-3 ................................................................................................... 204 
Figure 130: P16-UBM-g2-4 ................................................................................................... 205 
Figure 131: P16-UBM-g2-5 ................................................................................................... 206 
Figure 132: P15-UBM-g2-6 ................................................................................................... 207 
Figure 133: P15-UBM-g2-7 ................................................................................................... 208 
Figure 134: P15-UBM-g2-8 ................................................................................................... 209 
Figure 135: P15-UBM-g2-9 ................................................................................................... 210 
Figure 136: P15-UBM-g2-10 ................................................................................................. 211 
Figure 137: P16-UBM-g2-6 ................................................................................................... 213 
Figure 138: P16-UBM-g2-7 ................................................................................................... 214 
Figure 139: P16-UBM-g2-8 ................................................................................................... 215 
Figure 140: P16-UBM-g2-9 ................................................................................................... 216 
Figure 141: P16-UBM-g2-10 ................................................................................................. 217 
Figure 142: Comparison of initiation fracture toughness from the DCB testing and UBM 
testing for symmetric specimens with 112 MM  .............................................................. 219 
 
Figures xviii 
 
Figure 143: Comparison of propagation fracture toughness from the DCB testing and UBM 
testing for symmetric specimens with 112 MM  .............................................................. 220 
Figure 144: Initiation fracture toughness vs. fracture mode partition based on specimens with 
thickness ratio 1  ............................................................................................................... 222 
Figure 145: Propagation fracture toughness vs. fracture mode partition based on specimens 
with thickness ratio 1  ....................................................................................................... 223 
Figure 146: Initiation fracture toughness vs. fracture mode partition based on specimens with 
thickness ratio 1  from Conroy, Sørensen and Ivankovic (2014) ..................................... 224 
Figure 147: Initiation fracture toughness vs. fracture mode partition based on specimens with 
thickness ratio 2  .............................................................................................................. 227 
Figure 148: Propagation fracture toughness vs. fracture mode partition based on specimens 
with thickness ratio 2  ...................................................................................................... 227 
Figure 149: Comparison of initiation failure loci for thickness ratio 1  (black) and 
thickness ratio 2  (colours for different partition theories) .............................................. 228 
Figure 150: Comparison of propagation failure loci for thickness ratio 1  (black) and 
thickness ratio 2  (colours for different partition theories) .............................................. 229 
Figure 151: Comparison of initiation failure loci for thickness ratio 1  (black) and different 
thickness   ratios (colours) from Conroy, Sørensen and Ivankovic (2014) ......................... 231 
Figure 152: Fibre bridging during testing .............................................................................. 232 
Figure 153: Transverse beam rotation ................................................................................... 233 
Figure 154: Schematic of the UBM test rig ........................................................................... 239 
Figure 155: UBM test rig ....................................................................................................... 240 
Figure 156: DCB specimen dimensions ................................................................................ 241 
Figure 157: Example of a speckle pattern .............................................................................. 241 
Figure 158: DCB specimen with its associated geometry and transferred loads ................... 242 
Figure 159: Strain fields on the delaminating interface on symmetric specimens (i.e. 1 ) 
for various bending moment ratios ........................................................................................ 245 
Figure 160: Repeatability of the strain field measurements on the delaminating interface on 
symmetric specimens (i.e. 1 ) for 112 MM  .............................................................. 246 
 
Figures xix 
 
Figure 161: Repeatability of the strain field measurements on the delaminating interface on 
symmetric specimens (i.e. 1 ) for 112 MM  ................................................................. 247 
Figure 162: Strain fields on the delaminating interface on asymmetric specimens with 2  
for various bending moment ratios ........................................................................................ 250 
Figure 163: Repeatability of the strain field measurements on the delaminating interface on 
asymmetric specimens with 2  for 412 MM  ............................................................ 251 
Figure 164: Strain fields on the delaminating interface on asymmetric specimens with 
5.0  for various bending moment ratios .......................................................................... 252 
 
Tables 
Table 1: UD material properties (Davidson, Gharibian and Yu 2000 and Davidson, 
Bialaszewski and Sainath 2006) .............................................................................................. 80 
Table 2: Fracture toughness of midplane and offset delaminations in UD laminates made 
from C12K/R6376 (Davidson, Gharibian and Yu 2000) ......................................................... 81 
Table 3: Fracture toughness of midplane and offset delaminations in CUD laminates made 
from C12K/R6376 ................................................................................................................... 84 
Table 4: Fracture toughness of midplane and offset delaminations in MD laminates made 
from C12K/R6376 ................................................................................................................... 85 
Table 5: Fracture toughness of offset delaminations under the loading case 0/ 12 MM  
(Davidson, Gharibian and Yu 2000 and Davidson, Bialaszewski and Sainath 2006) ............. 87 
Table 6: Fracture toughness of midplane and offset delaminations in MD laminates 
T800H/3900-2 (Davidson, Bialaszewski and Sainath 2006) ................................................... 88 
Table 7: Symmetric DCB specimen data ............................................................................... 125 
Table 8: Symmetric UBM specimen data .............................................................................. 126 
Table 9: Asymmetric specimen data ...................................................................................... 127 
Table 10: P1-DCB-g1-1 ......................................................................................................... 130 
Table 11: P1-DCB-g1-2 ......................................................................................................... 131 
Table 12: P1-DCB-g1-3 ......................................................................................................... 132 
Table 13: P1-DCB-g1-4 ......................................................................................................... 133 
Table 14: P1-DCB-g1-5 ......................................................................................................... 134 
Table 15: Fracture toughness data for specimens with bending moment ratio 112 MM  
and thickness ratio 1  ....................................................................................................... 134 
Table 16: P17-UBM-g1-1 ...................................................................................................... 136 
Table 17: P17-UBM-g1-2 ...................................................................................................... 137 
Table 18: P17-UBM-g1-3 ...................................................................................................... 138 
Table 19: P17-UBM-g1-4 ...................................................................................................... 139 
Table 20: P17-UBM-g1-5 ...................................................................................................... 140 
Table 21: Fracture toughness data for specimens with bending moment ratio 112 MM  
and thickness ratio 1  ....................................................................................................... 140 
Table 22: P17-UBM-g1-7 ...................................................................................................... 141 
 
Tables xxi 
 
Table 23: P17-UBM-g1-8 ...................................................................................................... 142 
Table 24: P17-UBM-g1-9 ...................................................................................................... 143 
Table 25: P17-UBM-g1-10 .................................................................................................... 144 
Table 26: Fracture toughness data for specimens with bending moment ratio 33.012 MM  
and thickness ratio 1  ....................................................................................................... 145 
Table 27: P18-UBM-g1-1 ...................................................................................................... 146 
Table 28: P18-UBM-g1-2 ...................................................................................................... 147 
Table 29: P18-UBM-g1-3 ...................................................................................................... 148 
Table 30: P18-UBM-g1-4 ...................................................................................................... 149 
Table 31: P18-UBM-g1-5 ...................................................................................................... 150 
Table 32: Fracture toughness data for specimens with bending moment ratio 15.012 MM  
and thickness ratio 1  ....................................................................................................... 150 
Table 33: P18-UBM-g1-6 ...................................................................................................... 151 
Table 34: P18-UBM-g1-7 ...................................................................................................... 152 
Table 35: P18-UBM-g1-8 ...................................................................................................... 153 
Table 36: P18-UBM-g1-9 ...................................................................................................... 154 
Table 37: Fracture toughness data for specimens with bending moment ratio 012 MM  and 
thickness ratio 1  .............................................................................................................. 155 
Table 38: P10-UBM-g1-2 ...................................................................................................... 156 
Table 39: P10-UBM-g1-3 ...................................................................................................... 157 
Table 40: P10-UBM-g1-4 ...................................................................................................... 158 
Table 41: P10-UBM-g1-5 ...................................................................................................... 159 
Table 42: Fracture toughness data for specimens with bending moment ratio 15.012 MM  
and thickness ratio 1  ....................................................................................................... 159 
Table 43: P10-UBM-g1-6 ...................................................................................................... 160 
Table 44: P10-UBM-g1-7 ...................................................................................................... 161 
Table 45: P10-UBM-g1-8 ...................................................................................................... 162 
Table 46: P10-UBM-g1-9 ...................................................................................................... 163 
Table 47: P10-UBM-g1-10 .................................................................................................... 164 
Table 48: Fracture toughness data for specimens with bending moment ratio 25.012 MM  
and thickness ratio 1  ....................................................................................................... 165 
 
Tables xxii 
 
Table 49: P11-UBM-g1-6 ...................................................................................................... 166 
Table 50: P11-UBM-g1-7 ...................................................................................................... 167 
Table 51: P11-UBM-g1-8 ...................................................................................................... 168 
Table 52: P11-UBM-g1-9 ...................................................................................................... 169 
Table 53: P11-UBM-g1-10 .................................................................................................... 170 
Table 54: Fracture toughness data for specimens with bending moment ratio 4.012 MM  
and thickness ratio 1  ....................................................................................................... 170 
Table 55: P12-UBM-g1-1 ...................................................................................................... 171 
Table 56: P12-UBM-g1-2 ...................................................................................................... 172 
Table 57: P12-UBM-g1-3 ...................................................................................................... 173 
Table 58: P12-UBM-g1-4 ...................................................................................................... 174 
Table 59: P12-UBM-g1-5 ...................................................................................................... 175 
Table 60: Fracture toughness data for specimens with bending moment ratio 6.012 MM  
and thickness ratio 1  ....................................................................................................... 176 
Table 61: P13-UBM-g2-1 ...................................................................................................... 177 
Table 62: P13-UBM-g2-2 ...................................................................................................... 178 
Table 63: P13-UBM-g2-3 ...................................................................................................... 179 
Table 64: P13-UBM-g2-4 ...................................................................................................... 180 
Table 65: P13-UBM-g2-5 ...................................................................................................... 181 
Table 66: Fracture toughness data for specimens with bending moment ratio 212 MM  
and thickness ratio 2  ....................................................................................................... 181 
Table 67: P13-UBM-g2-6 ...................................................................................................... 182 
Table 68: P13-UBM-g2-7 ...................................................................................................... 183 
Table 69: P13-UBM-g2-8 ...................................................................................................... 184 
Table 70: P13-UBM-g2-9 ...................................................................................................... 185 
Table 71: P13-UBM-g2-10 .................................................................................................... 186 
Table 72: Fracture toughness data for specimens with bending moment ratio 5.012 MM  
and thickness ratio 2  ....................................................................................................... 187 
Table 73: P14-UBM-g2-2 ...................................................................................................... 188 
Table 74: P14-UBM-g2-3 ...................................................................................................... 189 
Table 75: P14-UBM-g2-4 ...................................................................................................... 190 
 
Tables xxiii 
 
Table 76: P14-UBM-g2-5 ...................................................................................................... 191 
Table 77: Fracture toughness data for specimens with bending moment ratio 33.012 MM  
and thickness ratio 2  ....................................................................................................... 191 
Table 78: P14-UBM-g2-7 ...................................................................................................... 192 
Table 79: P14-UBM-g2-8 ...................................................................................................... 193 
Table 80: P14-UBM-g2-9 ...................................................................................................... 194 
Table 81: P14-UBM-g2-10 .................................................................................................... 195 
Table 82: Fracture toughness data for specimens with bending moment ratio 75.012 MM  
and thickness ratio 2  ....................................................................................................... 196 
Table 83: P15-UBM-g2-1 ...................................................................................................... 197 
Table 84: P15-UBM-g2-2 ...................................................................................................... 198 
Table 85: P15-UBM-g2-3 ...................................................................................................... 199 
Table 86: P15-UBM-g2-4 ...................................................................................................... 200 
Table 87: P15-UBM-g2-5 ...................................................................................................... 201 
Table 88: Fracture toughness data for specimens with bending moment ratio 5.112 MM  
and thickness ratio 2  ....................................................................................................... 201 
Table 89: P16-UBM-g2-1 ...................................................................................................... 202 
Table 90: P16-UBM-g2-2 ...................................................................................................... 203 
Table 91: P16-UBM-g2-3 ...................................................................................................... 204 
Table 92: P16-UBM-g2-4 ...................................................................................................... 205 
Table 93: P16-UBM-g2-5 ...................................................................................................... 206 
Table 94: Fracture toughness data for specimens with bending moment ratio 212 MM  
and thickness ratio 2  ....................................................................................................... 207 
Table 95: P15-UBM-g2-6 ...................................................................................................... 208 
Table 96: P15-UBM-g2-7 ...................................................................................................... 209 
Table 97: P15-UBM-g2-8 ...................................................................................................... 210 
Table 98: P15-UBM-g2-9 ...................................................................................................... 211 
Table 99: P15-UBM-g2-10 .................................................................................................... 212 
Table 100: Fracture toughness data for specimens with bending moment ratio 312 MM  
and thickness ratio 2  ....................................................................................................... 213 
Table 101: P16-UBM-g2-6 .................................................................................................... 214 
 
Tables xxiv 
 
Table 102: P16-UBM-g2-7 .................................................................................................... 215 
Table 103: P16-UBM-g2-8 .................................................................................................... 216 
Table 104: P16-UBM-g2-9 .................................................................................................... 217 
Table 105: P16-UBM-g2-10 .................................................................................................. 218 
Table 106: Fracture toughness data for specimens with bending moment ratio 512 MM  
and thickness ratio 2  ....................................................................................................... 218 
Table 107: Summary of fracture toughness values for specimens with thickness ratio 1
................................................................................................................................................ 221 
Table 108: Summary of fracture toughness values for specimens with thickness ratio 2
................................................................................................................................................ 225 
Table 109: Mixed-mode fracture partitions ܩܫ/ܩ according to four different partition theories 
for the range of tested bending moments with thickness ratio 2  .................................... 225 
Table 110: Comparison of theory and test bending moment ratios for pure mode I cracks .. 253 
Table 111: Comparison of theory and test bending moment ratios for pure mode II cracks 254 
 
Principal notation 
a    length of crack 
AAA  , , 21   extensional stiffness of upper, lower and intact beams 
b    width of beam 
BBB  , , 21   coupling stiffness of upper, lower and intact beams 
C    the compliance 
DDD  , , 21   bending stiffness of upper, lower and intact beams 
E    Young’s modulus 
f1E    flexural modulus 
SK    the spring constant 
IIIIII KKKK , , ,  total, mode I, mode II and mode III stress intensity factors 
IIIcIIcIcc KKKK , , ,  total, mode I, mode II and mode III critical stress intensity factors  
IIIIII GGGG , , ,  total, mode I, mode II and mode III energy release rates 
IIIcIIcIcc GGGG , , ,  total, mode I, mode II and mode III critical energy release rates 
hhh  , , 21   thicknesses of upper, lower and intact beams 
i    the imaginary unit, where 12 i  
21  , MM   bending loads acting on upper and lower beams 
BBB MMM  , , 21  bending moments on upper, lower and intact beams at the crack tip 
cM , cN   concentrated crack tip moment and force 
1n , 2n    numbers of plies in the upper and lower arms 
21  , NN   axial loads acting on upper and lower beams 
BBB NNN  , , 21   axial forces on upper, lower and intact beams at the crack tip 
P    force through the cable system 
cP    the load at the onset of or during crack propagation 
r     the radial distance from the crack front 
S    crack area 
kT    the tractions vector 
 
Principal notation xxvi 
 
c    the displacement of the grip at the onset of or during crack propagation 
ku    the displacement vector 
U    the strain energy 
W    the work done 
Γ   the closed path around a crack tip surrounding an enclosed area 
    the elastic energy of a body 
ij    the stress tensor 
ij    the strain tensor 
  ,    pure mode II relationships from the first and second set respectively 
    thickness ratio 12 hh  
  ,    pure mode I relationships from the first and second set respectively 
0    rotation at the crack tip 
    shear modulus 
    Poisson’s ratio 
    total potential energy 
    standard deviation 
    mode mix parameter 
 
List of acronyms 
ADCB   asymmetrical double cantilever beam 
BEM   boundary element method 
CCD   charge-coupled device 
CCM   crack closure method 
CCPL   compliance calibration power law least-squares fit 
CCQL   compliance calibration using a quadratic law least-squares fit 
CDP   climbing drum peel 
CENS   compact edge-notched shear test 
CUD   constrained unidirectional 
CZM   cohesive zone modelling 
DCB   double cantilever beam 
DIC   digital image correlation 
ELS   end-loaded split 
ENF   end-notched flexure 
ERR   energy release rate 
ETFE   ethylene tetrafluoroethylene 
FEM   finite element method 
FFM   finite fracture mechanics 
FPZ   fracture process zone 
FRMM  fixed ratio mixed-mode 
FSTDBT  first-order shear-thickness deformation beam theory 
LBTS   linear beam theory with shear 
LEFM   linear elastic fracture mechanics 
MCC   modified compliance calibration 
MD   multidirectional 
MMB   mixed-mode bending 
PECM  potential energy change method 
PFTE   polytetrafluoroethylene 
SLB   single leg bending 
SSLB   symmetric single leg bending 
 
List of acronyms xxviii 
 
SSTDBT  second-order shear-thickness deformation beam theory 
UBM   uneven bending moment 
UD   unidirectional 
UENF   unsymmetric end-notched flexure 
USLB   unsymmetric single leg bending 
VCCM  virtual crack closure method 
VRMM  variable ratio mixed-mode 
1. Introduction 
Many modern materials are composites. Composite materials may be preferred over 
traditional materials for many reasons, for example, being lighter, stronger, less expensive, 
more resistant to wear or corrosion, or due to their better insulating properties against heat, 
electricity or sound, to name just a few (Jones 1999). Consequently their use has become 
widespread in recent years. 
There are four types of composites: Fibrous composites, particulate composites, laminated 
composites, and some combination of the above (Jones 1999). Fibrous composites are 
materials in which fibres have been embedded in a matrix material. Fibre-reinforced polymer 
composites are commonly used in the aerospace, automotive, marine and construction 
industries. Particulate composites are materials in which particles are embedded in a matrix 
material. One common example of a particulate composite is concrete, which has coarse 
rocks as the particulate reinforcement, and cement as the matrix. Laminated composites 
consist of layers of different materials, sometimes themselves made up of other composites. 
Often laminae (or ‘plies’) of fibre-reinforced polymer composites are assembled into 
laminates to achieve the required engineering properties such as in-plane stiffness or bending 
stiffness. Another very different example is the layered composite material system of a 
thermal barrier coating in a gas turbine engine, which provides the required thermal 
insulation for the metal turbine blades, while itself enduring severe thermal loads. 
It is mainly the use of composite materials in the aerospace industry that has created a critical 
need for a thorough understanding of their failure. A limited understanding of, and predictive 
capability for, their failure processes has led to the over-engineering of composite aerospace 
structures for safety reasons, which adds weight and limits aircraft performance. The 
mechanics of fracture has always been crucial in the design analysis of any item using any 
material, and indeed every metal aeroplane designed has been subject to fracture mechanics 
criteria. These criteria were one result of the US Air Force’s fracture and fatigue issues with 
the F-111, Electra, and C5-A, among others. The mechanical analysis of composite materials, 
however, is complicated by the fact that they are usually highly inhomogeneous and 
anisotropic. Now, with the increased use of composites, a serious and widespread effort from 
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many researchers around the world is underway to develop reliable fracture mechanics 
criteria to enable the better design of composite structures. 
A fibre-reinforced polymer composite laminate experiences several different modes of failure 
(Jones 1999): Matrix cracking, fibre breakages, and fibre-matrix debonding are local material 
failures. Fibre fracture occurs because local stress exceeds the strength of the fibres. Matrix 
cracks occur due to the local stress exceeding the strength of the matrix. Fibre-matrix 
debonding occurs because the local stress exceeds the interface shear strength. Ply-splitting 
and delamination are global failures, resulting from the above local material failure modes 
occurring over a larger region. Delamination is the most common and severe failure 
mechanism of laminated materials. This is when the cohesion between different layers fails 
and the plies come apart. When this happens there is a large reduction in stiffness and load-
bearing capacity; but, this is not the whole issue. Another part of it is the propagation of 
delamination, which can lead to the failure of the entire structure. Due to the widespread use 
of laminated composites in complex and challenging applications, a thorough understanding 
of delamination and its propagation is very important, and this is the major focus of this 
thesis. 
Note that the paragraph above describes the failure modes of fibre-reinforced polymer 
composite laminates. Due to the widespread use of these materials in the aerospace industry, 
it is this composite material that is mainly under consideration in this work; however, clearly 
any composite material is made up from two or more constituent materials, and consequently 
there must exist interfaces between them. Therefore, any understanding derived from the 
study of delamination in fibre-reinforced polymer composite laminates is very likely to be 
instructive for the study of interfacial debonding in composite materials more generally. 
Interfaces usually represent planes of weakness. Interfacial fractures are therefore effectively 
constrained to propagate along these interfaces. Whereas a crack in a brittle isotropic 
homogeneous material tends to kink by an angle such as to maintain pure-mode-I opening 
fracture mode conditions at the advancing crack front, interfacial cracks in such a 
delamination don’t tend to kink, and therefore they generally propagate as mixed-mode 
fractures. That is, delamination generally occurs as mixed-mode fracture with all three mode 
I opening, mode II shearing and mode III tearing actions (see Section 2.2.2 and Figure 6). It 
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is rare for delaminations to happen in pure modes; generally delamination will be a 
combination of all three modes. 
The fracture mode mixity—also called the fracture mode partition—of a mixed-mode 
fracture is significant because mixed-mode fracture toughness is load-dependent and not a 
purely intrinsic material property (although clearly the pure mode fracture toughnesses are 
indeed intrinsic material properties that can be determined experimentally). Therefore, in 
order to know the fracture toughness under general loading conditions, it is necessary to 
know both the failure criterion or locus (that describes the fracture toughness as a function of 
the mode mixity), and the particular mode mixity of the crack under the specified loading 
conditions. This is a complex problem that has occupied researchers in the fracture mechanics 
community for decades (see Chapter 2). 
There are many different failure criteria for mixed-mode failure described in the literature, 
and they typically take as parameters several measurements of fracture toughness (and 
sometimes other fitting parameters), which can be made by using a variety of mixed-mode 
fracture test methods (see Chapter 3). Furthermore, the literature also describes many 
different theories for partitioning a mixed-mode fracture (see Chapter 2 and Chapter 4), either 
analytically, numerically, or experimentally. Most of these works focus on mixed-modes of 
mode I and mode II fractures, without any mode III. 
The aim of this thesis is to determine which mixed-mode partition theory is the best, that is, 
which is able to most accurately predict the fracture toughness of a mixed-mode delamination 
in a fibre-reinforced polymer composite laminate, and also, to investigate why. As will be 
seen, there is considerable variation in fracture toughness predictions for a mixed-mode 
fracture depending on which partition theory is selected. The work is expected to be 
especially useful for both design engineers and academic researchers, not only working with 
fibre-reinforced polymer composite laminates, but also working with other composite 
materials containing interfacial cracks. 
First a preliminary study is carried out using data from a thorough programme of mixed-
mode fracture testing reported in the literature. Then, an original programme of mixed-mode 
fracture testing is reported, which incorporates several novel aspects including new test 
apparatus and a methodology for testing with a wide range of applied pure bending moments. 
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Finally, digital image correlation (DIC) is used to investigate the near-crack tip strain fields 
of mixed-mode delaminations to try to discover the underlying mechanics that govern the 
selection of a mixed-mode partition theory. The new testing apparatus is used again, and a 
novel testing methodology is developed. 
The structure of the thesis is as follows: 
Chapter 2 Key background theory of laminated composites and fracture mechanics. 
Chapter 3 Major experimental fracture testing methods and data acquisition techniques with 
a literature review to highlight examples of their use. 
Chapter 4 Preliminary assessment of partition theories using data from the experimental tests 
described in Davidson, Gharibian and Yu (2000) and Davidson, Bialaszewski and Sainath 
(2006). 
Chapter 5 Development of UBM apparatus, the specimens and methods for analysing 
measured data. This is a major part of the completed research, and the development of the test 
apparatus and methodology has been extensive. 
Chapter 6 Presentation, post-processing and interpretation of the fracture toughness results 
gathered. 
Chapter 7 Mixed-mode delamination testing using DIC. 
Chapter 8 Final conclusions with respect to the work completed and an outline of important 
future work. 
 
2. Background theory 
Due to the widespread use of fibre-reinforced polymer composite laminates in the aerospace 
industry, it is this composite material that is mainly under consideration in this work; 
however, as clearly any composite material is made up from two or more constituent 
materials, and consequently there must exist interfaces between them. Therefore, any 
understanding derived from the study of delamination in fibre-reinforced polymer composite 
laminates is very likely to be instructive for the study of interfacial debonding in composite 
materials more generally. 
2.1. Laminated composite materials 
2.1.1. Basic concepts and terminology 
Laminated composite materials are made of at least two different layers bonded together. The 
basic building block of a laminated composite is a ‘lamina’ or ‘ply’. A lamina is a layer of a 
material that can itself also be composite. A lamina can be flat or curved as in a shell. The 
materials that make laminated composite materials are called constituent materials. There are 
two types of constituent materials: matrix and reinforcement. At least one of each of these 
types is required. Typically, the matrix supports, protects, as well as distributing and 
transmitting the load between the reinforcement materials. The reinforcement materials give 
the mechanical and physical properties of the constituent materials to enhance the laminated 
composite materials properties. Having said this, it is worth noting that some newer 
composites can be found where the constituent materials defy these narrow definitions, for 
example thermal barrier coatings layered material systems on the turbine blades of gas 
turbine engines. 
Fibre-reinforced laminae are made of reinforcing fibres embedded in a matrix material. The 
matrix is often metallic, ceramic or polymeric. The fibres can be continuous or discontinuous, 
as well as unidirectional (UD), multidirectional (MD), bidirectional, woven or randomly 
distributed. The mechanism by which load is transferred is the shearing stress developed in 
the matrix. This is what prevents the fibres from being pulled out of the laminae once they 
have been broken. This is clearly shown in whisker-reinforced composites. These materials 
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have short fibres that are randomly distributed, but due to the shear stress being transferred 
between the fibres in the matrix, the material is capable of carrying greater loads than the 
intrinsic strength of the matrix itself. Without these properties, this would not be achievable.  
 
Figure 1: A laminate made up of UD laminae with different fibre orientations (Reddy 2004) 
For the purpose of manufacturing fibre-reinforced polymer composite laminates, ply material 
is often supplied as sheets of fibres which have been pre-impregnated with a resin system that 
already includes the proper curing agent. It is commonly known as “prepreg” and, consistent 
with the literature, this is how it is referred to throughout this thesis. 
A laminate is a stack of laminae that have been arranged and oriented to give the specific 
thickness and stiffness required. The laminates are normally bonded by the same matrix 
material that is used in each lamina. This allows some of the matrix material in a lamina to 
coat the surfaces between adjacent lamina to allow bonding without needing to add more 
matrix material.  
UD fibre-reinforced laminae have very high strength and modulus in the fibre direction, but 
have relatively low strength and modulus in the transverse fibre direction. It is possible to 
stack these laminae so that the fibres in each layer are oriented in the same or different 
directions (see Figure 1). The order of these various orientations is called the ‘stacking 
sequence’ or ‘lay-up’. Different mechanical properties can be obtained by using different 
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suitable lay-ups. This allows for the laminate to match structural requirements needed, with 
the strength and stiffness designed for its role. This work emphasises fibre-reinforced 
laminated composites. As such, the ideas in this section are applicable to primarily this type 
of material. They are also however, often applicable to other types of composite material. 
There are a number of different failure modes for fibre-reinforced laminates. On a local scale, 
there is fibre fracture and matrix cracking to consider. Furthermore, the mismatch of material 
properties between the fibre and matrix can lead to fibre debonding. On a global scale, there 
is ply splitting to consider. The mismatch of material properties between layers can also 
cause delamination caused by the shear stresses between layers. Delamination is the fracture 
between lamina interfaces and is the most severe mode of failure. Delamination failure will 
be the consideration of this work. 
2.1.2. Delamination 
Delamination is the most common and severe failure mechanism of laminates. This is when 
the cohesion between different layers fail and the plies come apart. When this happens there 
is a large reduction in stiffness and load-bearing capacity. 
The reduction in stiffness and load-bearing capacity is not the whole issue; another part of it 
is the propagation of the delamination, which can lead the entire structure to fail.  
Due to the increasingly widespread use of laminated composites in complex and challenging 
applications a thorough understanding of delamination and its propagation has become 
essential. 
As mentioned above, composites have wide ranging applications. As such, an understanding 
of the failure of the material is crucial to achieve the most from them. 
Stress-based methods and fracture mechanics have both been used to investigate 
delamination. Both have their drawbacks; stress-based methods suffer from the stress 
singularities at the ends of discontinuous plies, the stress methods are very dependent on the 
mesh size and in the case of average or point stress criteria they involve certain characteristic 
lengths which have little strong theoretical foundation. Fracture mechanics meanwhile, relies 
on the assumption of an initial defect or crack length, which might not be the case in reality. 
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2.1.3. Constitutive equations of a lamina 
There are two assumptions made in the formulating of the constitutive equations of a lamina.  
The first is that the lamina is a continuum, i.e. there are no gaps within the material. This 
means that only the macro-mechanical behaviour is considered. Composite materials are 
heterogeneous (the material properties are a function of position) on a microscopic scale. 
However, the composite material can be assumed homogeneous (the material properties are 
independent of position) as the macroscopic properties can be derived from the weighted 
average of the material properties of its constituent materials. This approach will not allow 
for the resolving of fibre-matrix debonding or fibre breakage. A micromechanical 
formulation would be required to do this. 
The second assumption is that the material behaves linearly and elastically. This implies that 
the generalised Hooke’s law is valid. Constitutive equations describe a material by its 
reaction to an applied load. A material is ‘elastic’ if the constitutive behaviour is only a 
function of the current state of deformation. The relationship between stresses and strains can 
be considered linear if infinitesimal deformation is assumed, as the equations of the generally 
non-linear elasticity theory become linearised for this case. These equations are referred to as 
the ‘generalised Hooke’s law’. 
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For a linear elastic 3D material, there is a relationship between stresses and strains see Eq. (1). 
In the principal material coordinate system, which is aligned with the fibre direction in a UD 
laminate (see Figure 1), the stress-strain relationship is orthotropic (i.e. has three 
perpendicular planes of elastic symmetry), hence Eq. (1) reduces to Eq. (2). 
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Figure 2: The principal material coordinate system  321 ,, xxx  for a UD fibre-reinforced 
lamina (Reddy 2004) 
Equation 2 is Hooke’s law for the strain-stress relationship in an orthotropic linear elastic 
lamina in the principal material coordinate system as shown in Figure 2. 
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So far, the principal material coordinate system has been used. However, in general, a global 
material system is used, where for example, ݔ is along the length of the beam, but the fibres 
may not be aligned with the ݔ direction. It is necessary to transform the equations in the 
principal material coordinate system ሺݔ1, ݔ2, ݔ3ሻ into the global coordinate system ሺݔ, ݕ, ݖሻ, 
as shown in Figure 3. 
In terms of the Young’s moduli, shear moduli and Poisson’s ratios, Eq. (2) is written as Eq. 
(3). 
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Note the following reciprocal relationships: 
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A further reduction of the constitutive equations to the plane-stress condition then gives 
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where the reduced stiffness coefficients ܳ௜௝ can be written as 
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So far, the principal material coordinate system has been used; however, in general, a global 
material system is used, where for example, ݔ is along the length of the beam, but the fibres 
may not be aligned with the ݔ direction. It is necessary to transform the equations in the 
principal material coordinate system ሺݔଵ, ݔଶ, ݔଷሻ into the global coordinate system ሺݔ, ݕ, ݖሻ, 
as shown in Figure 3. 
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Figure 3: The principal material coordinate system  zyx ,,  and the global coordinate system 
 321 ,, xxx  for a UD fibre-reinforced lamina (Reddy 2004) 
Making the transformation (which involves matrix multiplication of the stress-strain 
relationship) eventually gives Eq. (7), with the terms given by Eqs. (8). 
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Eq. (7) is the plane-stress constitutive relations for a classical orthotropic lamina (i.e. a single 
layer) in the global coordinate system (i.e. as shown in Figure 3) 
2.1.4. Classical laminated plate theory 
All of the above section was for a single ply. A laminate is an assembly of plies, as shown in 
Figure 4. Classical laminated plate theory describes the behaviour of a laminate as an 
assembly of plies in terms of the overall extensional stiffness A, bending stiffness D, and 
coupling stiffness B of the laminate. These are calculated by summing up the contribution 
from each ply, with consideration for ply orientation, material properties and thickness. 
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Figure 4: The coordinate system and layer numbering for a laminated plate (Reddy 2004) 
Kirchhoff’s hypothesis for the deformation of thin plates is applied, namely, that straight 
lines normal to the mid-surface remain straight after deformation; that straight lines normal to 
the mid-surface remain normal to the mid-surface after deformation; and that the thickness of 
the plate does not change during a deformation. Then, integrating through the thickness with 
the Kirchhoff deformation assumptions, to get the corresponding internal forces, gives Eq. (9) 
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The ܣ, ܤ and ܦ terms given by Eqs. (10) 
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2.1.5. One-dimensional laminated beam theory 
Classical laminated plate theory is in general for 2D plates. However, in this work long thin 
specimens are being considered which approaches beam idealisation (the term ‘beam’ is used 
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here to mean ‘one-dimensional laminate’). Therefore it is useful to reduce the laminated plate 
equations to laminated beam equations. Doing so gives Eq. (11). 
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Eq. (11) is the beam theory that the Harvey and Wang’s (2012a) Euler beam partition theory 
is based on (see presentations of the theory in Sections 3.2.1 and 4.2.1). 
2.2. Fracture mechanics 
Kundu (2008), Suo (2010) and Zehnder (2007) are the main references for this section on 
fracture mechanics. 
2.2.1. Energy release rate 
Energy release rate (ERR) is the energy dissipated during fracture per unit of new surface 
area created. This quantity is very important to fracture mechanics as there is a balance 
between the energy needed to grow the crack tip and the energy released in the creation of the 
new surfaces (see Section 2.2.5). 
Consider an arbitrarily-shaped elastic body containing a pre-crack which is loaded up to a 
certain level by external forces. Viewing the body and force together as a system, the 
potential energy Π is 
 WU   (12) 
where ܷ  is the elastic strain energy stored in the body, and ܹ  is the work done by the 
external forces. If the crack is allowed to propagate by an infinitesimal distance then the 
corresponding change in potential energy of the system is 
 WU    (13) 
If fracture is the only energy-consuming process, then the energy available for elemental 
crack propagation is 
 UW    (14) 
or the energy available for a unit area of crack propagation (i.e. ERR) ܩ is 
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Eq. (15) represents the general energy balance. The derivatives of ܹ and ܷ depend on the 
forces and movement of the system during crack propagation. Among all the possible sets of 
displacements that the particles in the system may follow (called ‘virtual displacements’) one 
set will minimise the action. According to the principle of least action, it is this set of 
displacements that is actually followed. 
To express the forces and movement during crack propagation, consider the virtual work 
done by an external point force ܲ acting on the body, undergoing a virtual displacement ݑ. 
The virtual work done is ܲݑ. Note that as ݑ is a virtual displacement and considered to be 
infinitesimal, the load is treated as constant. The elastic strain energy stored due to the virtual 
displacement is ܲݑ 2⁄  (which is analogous to an elastic spring extending ݑ under a load ܲ). 
Therefore the derivative ߲ܹ ߲ܵ⁄  is 
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And the derivative ߲ܷ ߲ܵ⁄  is 
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Substituting Eqs. (16) and (17) into (15) gives 
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Note that one may, in the broader sense, regard ܲ and ݑ as a generalised set of loads and a 
generalised set of displacements respectively. 
Eq. (18) is now applied to two boundary condition cases. First, consider that the external 
point force ܲ acting on the body is held constant (in magnitude and direction) during crack 
propagation, often called ‘fixed force’ or ‘force control’. It can represent fracture experiments 
in which the loads are applied through a suspended weight, or by configuring the control 
system of a universal testing machine to maintain constant force in the load cell by adjusting 
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the displacement of the crosshead. By setting ߲ܲ ߲ܵ⁄ ൌ 0 in Eq. (18) to represent fixed force, 
and comparing with Eq. (17) the following is obtained 
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1  (19) 
Second, consider that point of application of ܲ is held fixed during crack propagation. This is 
commonly referred to as ‘fixed grip’ and it represents fracture experiments in which the loads 
are applied through a slowly-moving displacement-controlled crosshead. With fixed 
displacement, ܲ does no work during crack propagation. Furthermore, there is no possible 
compatible virtual displacement that can be used in Eq. (18). Instead, for fixed displacement, 
set ߲ܹ ߲ܵ⁄ ൌ 0 in Eq. (15), and then ߲ݑ ߲ܵ⁄ ൌ 0 in Eq. (17), to get 
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Eqs. (19) and (20) can also be visualised through graphs of ܲ  versus ݑ  during crack 
propagation, as shown in Figure 5 in which crack grows by an infinitesimal extension ߜܽ 
causing the load-displacement trace to move from point 1 to point 2. The shaded area 
represents the ERR. In Figure 5a, propagation occurs with fixed displacement and the area of 
the shaded triangle is െ1 2⁄ ൈ ߜܲ ൈ ݑ which agrees with Eq. (20). In Figure 5b, propagation 
occurs with fixed force and the area of the shaded triangle is 1 2⁄ ൈ ߜݑ ൈ ܲ which agrees 
with Eq. (19). 
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Figure 5: ERR (represented by the shaded area) during infinitesimal crack extension a  from 
point 1 to point 2 with (a) fixed displacement, and (b) fixed force 
2.2.2. Fracture modes 
 
Figure 6: The three modes of fracture (Shi 2009) 
The stresses around a crack tip (see Section 2.2.3) can be decomposed into three loadings, or 
“fracture modes” (Zehnder 2013) depending on the symmetry of the stress and displacement 
fields around the crack tip. With reference to Figure 6, they are (1) mode I (left), in which the 
stress is perpendicular to the crack surface, and there is only opening displacement between 
the two crack faces just behind the crack tip; (2) mode II (middle), in which the stress is 
parallel to the crack surface but perpendicular to the crack front, and there is only shearing 
displacement between the two crack faces just behind the crack tip; and (3) mode III (right), 
 
2. Background theory 17 
 
in which the stress is parallel to the crack surface and to the crack front, and there is only 
tearing displacement between the two crack faces just behind the crack tip. 
In general, a crack under general loading is composed of a superposition all three modes, and 
is known as a ‘mixed-mode crack’. The relative amount of each mode, particularly when 
referring to mode I and mode II together with no mode III is often called the fracture mode 
partition, or the mode mixity. This will be described in more detail in Section 2.2.6 and 
Section 2.2.7. The mode mixity is important because of its effect on fracture toughness (the 
critical condition to initiate the growth, and the subsequent propagation). Also, in isotropic 
materials, in which the crack is free to kink in any direction, mode mixity is important to 
determine the direction of the kink, and to predict the curved path. 
2.2.3. Stress intensity factor 
If a crack is idealised as two flat planes in an isotropic material, linear elastic fracture 
mechanics (LEFM) predicts a square-root singular stress singularity at the crack tip 
     ijij fr
Kr
2
,   (21) 
in which ݎ and ߠ are polar coordinates centred on the crack tip with the two faces of the crack 
coinciding at ߠ ൌ േߨ, and in which ௜݂௝ሺߠሻ represents functions that can be determined by 
considering boundary conditions. Williams (1957) derived this stress field by considering the 
boundary-value problem for a crack tip. He focused on the singular field around the tip of the 
crack in a very small zone, so that the boundary of the body could be assumed as infinitely 
far away. 
It is seen that as ݎ → 0, ߪ௜௝ → ∞. Infinite stress anywhere is clearly non-physical; however, 
the coefficient of the singularity, denoted by K , nevertheless characterises the state of stress 
at the crack tip. This is because outside of the very near-crack tip region, the LEFM solution 
is still appropriate. This quantity K  is called the ‘stress intensity factor’. The mode I stress 
intensity factor IK  describes the strength of the crack opening stress singularity, the mode II 
stress intensity factor IIK  describes the strength of the crack shear stress singularity, and the 
mode III stress intensity factor IIIK  describes the strength of the crack tearing stress 
singularity (Hellan 1985). See Section 2.2.2 for more information on fracture modes. 
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 yyrI rK 2lim0     ,    yxrII rK 2lim0     ,    yzrIII rK 2lim0  (22) 
Stress intensity factors are also an alternative approach to the energy-based one using ERRs, 
as described in Section 2.2.1. Irwin (1957) related the concepts of ERR and stress intensity 
factor. For a crack in a large body (so that crack propagation does not change the value of ܭ), 
the ERR is the difference in strain energy before and after crack growth per unit of newly-
created crack area. Irwin calculated the strain energy difference by considering the energy 
needed to close the crack again over the change in crack length (‘a crack closure integral’). 
The resulting relationships between ܭூ, ܭூூ and ܭூூூ, and ܩூ, ܩூூ and ܩூூூ are as follows: 
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where ߤ is the shear modulus and ܧ is the equivalent Young’s modulus, which is ܧ for plane 
stress and ܧ ሺ1 െ ߥଶሻ⁄  for plane strain. These relationships extend the ERR approach to 
incorporate the modes of fracture as well. Therefore, each mode of ERR can be determined 
by considering the amount of work done by the corresponding stress at the crack tip. 
2.2.4. J-integral 
The J-integral was developed by Rice (1968). It is an energetic contour path integral around a 
crack. The J-integral is equal to the ERR for a crack under monotonic loading and is 
independent of the path around the crack.  
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Figure 7: Integration paths for the J-integral (Sarrado, Turon, Renart, Urresti 2012) 
For the two-dimensional plane elastic problem, the J-integral is defined as 
 2,1for        



  kdsxuTdyJ kk  (24) 
where Γ is a closed path around the crack tip surrounding an enclosed area R, ku  is the 
displacement vector, ds is an infinitesimal arc length along Γ, and   is the elastic energy of 
the body, defined as: 
  kl ijijd  0  (25) 
ij  and ij  are the stress and strain tensors respectively. kT is the tractions vector and is 
defined as 
 iijk nT   (26) 
where in  is the normal to the vector to the bounding path Γ (Sarrado, Turon, Renart, Urresti 
2012). 
For linear elastic materials, the J-integral calculated along an arbitrary small contour around 
the crack tip is the same as the ERR (Gdoutos, 2005). The path cannot be too close to the 
crack tip as it would contain the singularity, which is not possible to calculate. Mladensy and 
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and Rizov (2012) show how the J-integral can be applied to a double cantilever beam (DCB), 
which is a cantilever beam containing a single crack. 
The J-integral was broken down into loading modes (see Section 2.2.2) by Huber, Nickel, 
Kuhn (1993), which was subsequently corrected by Rigby and Aliabadi (1998). The formulas 
are for the two dimensional symmetric case where P and Pʹ are points on the path Γ and Γʹ 
respectively (see Figure 8). The field quantities needed to evaluate the J-integral; ku  , ij  and 
ij must be transformed to use the crack front coordinate system and then decomposed into a 
sum of symmetric and antisymmetric parts. 
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Figure 8: Symmetric integration paths for the mode decomposed J-integral (Sarrado et al. 
2012) 
The mode M J-integral along the path Γ can then be computed. 
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In the case where LEFM applies, the strain ERR are: 
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 (31) 
Huber, Nickel and Kuhn (1993) produced the first explicit decomposition of the J-integral for 
3D crack problem. It was shown that the higher order terms have a large effect in the far-field 
of the cracked specimen. In 3D, it was shown that it is only possible to obtain one symmetric 
and one antisymmetric part from the far-field quantities. To get the mode II and mode III 
from the antisymmetric part, the crack at the near-field must be considered. For computation 
a close contour around the crack front can be used to calculate the complete decomposition of 
the J-integral. 
Rigby and Aliabadi (1997) were the first to complete the full decomposition of the J-integral 
in 3D using the boundary element method (BEM). BEM is well suited to calculate the J-
integral as the required stress, strain and strain derivatives can be accurately found at internal 
points in the body. These internal points use boundary integral equations; this means there is 
no discretisation of the domain needed. The J-integral is then found by integrating the stress, 
strain and the products of the strain derivatives, which are all found from internal points at a 
contour perpendicular to the crack front and in the area enclosed by the contour. This means 
the J-integral can be accurately found without needing to change the surface mesh. They 
noted that the best results were found for the cases where the contour radius is kept small. 
This fits with the observation that the J-integral should only be used close to the areas of the 
crack front for 3D, if it is too large then it is affected by other parts of the crack front, not just 
the parts of interest. 
2.2.5. Fracture toughness 
Fracture toughness describes the resistance to fracture that a material containing a crack has. 
It is very important from a design standpoint. Brittle materials have lower fracture 
toughnesses. Materials with high fracture toughnesses tend to undergo ductile fracture. 
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Fracture toughness can be found and then used to calculate the ERR. Fracture toughness can 
be quantified through critical values of the stress intensity factor or the ERR. 
Griffith (1921) pioneered the concept of fracture toughness from an energetic perspective. He 
hypothesised that small pre-existing cracks are contained within bodies, and that under load, 
intense stresses are created at the crack tips which progressively break apart atomic bonds 
like an opening zip. To avoid the extreme difficulties of defining crack tip shape, and non-
linear atomic force behaviour, Griffith proceeded using the principle of energy conservation 
and the concept of surface energy. Surface energy quantifies the disruption of intermolecular 
bonds as fresh surfaces are created by an advancing crack. Surface energy is the additional 
energy at the surface relative to the rest of the bulk material. In order for an advancing crack 
to create new surfaces, it must be supplied with energy equal to the amount to create them. 
This is the principle of energy conservation. If no work is done during crack growth (for 
example, as in the case of ‘fixed grips’), then all the crack surface energy must come from the 
elastic strain energy stored in the body. Therefore, surface energy increases as elastic energy 
decreases for an advancing crack, and the crack only advances if doing so results in a 
reduction in the sum of the surface energy and elastic energy. 
Based on these considerations, for a brittle material, the required reduction in total potential 
energy per unit of crack growth is twice the surface energy (because two fracture surfaces are 
created). It is called the critical ERR, or alternatively, the fracture toughness. 
 2cG  (32) 
Since the potential reduction in total potential energy in the body for a unit crack growth must 
exceed ܩ௖  in order for the crack to grow, it can be thought of as the ‘resistance’ to the 
extension of the crack. 
Griffith tested his hypothesis by applying it the concept of a crack of length 2ܽ in an infinite 
sheet subject to a stress ߪ. The combined surface energy and elastic energy is 
 EaaGc
222   (33) 
which must decrease with the advancing crack, if the crack is to propagate at all. To 
determine the critical condition, set the derivative with rest to ܽ equal to 0, and solve for the 
critical stress. Doing so gives 
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 constant  cc EGa  (34) 
which is the main prediction from Griffith’s (1921) theory. He was able to confirm his 
hypothesis experimentally by testing against this prediction. 
Note that Irwin later modified Griffith’s criterion in Eq. (32) to account for plastic dissipation 
in materials that cannot be considered as brittle. 
 pc GG  2  (35) 
The equivalence between ܭ  and ܩ  was described in Section 2.2.3. This equivalence also 
extends to fracture toughness. 
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Both ܩ௖ and ܭ௖ are often referred to as fracture toughness, although clearly they must have 
different units, for example, epoxy resin has a fracture toughness of ܭ௖ ൎ 1	MPa√݉  or 
equivalently ܩ௖ ൎ 300	J/mଶ  which for a specimen plane stress corresponds to ܧ ൎ 3	GPa 
Furthermore, it is now seen that fracture toughness can be extended to incorporate the modes 
of fracture as well, and this is a very important consideration for interfacial fracture, which is 
considered next in Section 2.2.6. 
2.2.6. Interfacial fracture 
Interfaces usually represent planes of weakness. Interfacial fractures are therefore effectively 
constrained to propagate along these interfaces. Whereas a crack in a brittle isotropic 
homogeneous material tends to kink by an angle such as to maintain pure-mode-I opening 
fracture mode conditions at the advancing crack front, interfacial cracks such as delamination 
don’t tend to kink, and therefore they generally propagate as mixed-mode fractures. That is, 
delamination generally occurs as mixed-mode fracture with all three opening, shearing and 
tearing actions (i.e. mode I, II and III). It is rare for delaminations to happen in pure modes; 
generally delamination will be a combination of all three modes. 
The fracture mode mixity—also called the fracture mode partition—of a mixed-mode 
fracture is significant because mixed-mode fracture toughness is load-dependent and not a 
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purely intrinsic material property (although clearly the pure mode fracture toughnesses are 
indeed intrinsic material properties that can be determined experimentally). Therefore, in 
order to know the fracture toughness under general loading conditions, it is necessary to 
know both the failure criterion (that describes the fracture toughness as a function of the 
mode mixity), and the particular mode mixity of the crack under the specified loading 
conditions. This is a complex problem that has occupied researchers in the fracture mechanics 
community for decades. Whereas this section considers the fundamental problem of cracks 
and crack propagation between dissimilar materials, the following section (Section 2.2.7) 
specifically focuses on the partitioning of mixed-mode fracture for the purpose of predicting 
fracture toughness. 
To the author’s knowledge, no general failure criterion exists that is based on sound theory. 
Instead, failure criteria are empirical and are derived based on results from extensively 
fracture testing a particular material. Many different failure criteria have been suggested for 
mixed-mode fracture toughness. Reeder (1992) comprehensively reviewed the many different 
failure criteria in the literature. They typically take as parameters several measurements of 
fracture toughness (and sometimes other fitting parameters), which can be made by using a 
variety of mixed-mode fracture test methods (see Chapter 3). Most of these works focus on 
mixed-modes of mode I and mode II fractures, without any mode III. Despite Reeder’s 
review, there does, however, remain plenty of subjectivity around the topic, in likelihood 
arising due to inconsistent sets of toughness data (from different tests), different failure 
responses in different materials, and different approach to analytical and numerical modelling. 
Four simple failure criteria are shown in Figure 9, in which the fracture toughness (the critical 
ERR in this case) is a function of the load, which is represented by the components of mode I 
ERR ܩூ  and mode II ERR ܩூூ . As expected, for pure mode I fracture the critical ERR 
ܩ௖ ൌ ܩூ௖ and for pure mode II fracture the critical ERR ܩ௖ ൌ ܩூூ௖. The mode I and mode II 
fracture toughness are known to generally be quite different for most materials. 
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Figure 9: Mixed-mode fracture toughness diagrams for simple failure criteria 
The simplest criterion which allows for the effect of mixed-mode partition is the ‘Linear 
criterion’ in Figure 9, which connects ܩூ௖ on the y-axis to ܩூூ௖ on the ݔ-axis with a straight 
line. If the sum of these normalised components (i.e. ܩூ ܩூ௖⁄ ൅ ܩூூ ܩூூ௖⁄ ) reaches 1, then the 
crack propagates. There are other even simpler criteria in Figure 9: The ‘ܩூ  criterion’ 
assumes that only the mode I component of loading controls delamination growth and that 
therefore the mode II fracture toughness is infinite, that is ܩூ ൒ ܩூ௖ . The ‘ܩூூ  criterion’ 
assumes the reverse, that is, the criterion for propagation is ܩூூ ൒ ܩூூ௖ . The ‘Total ERR 
criterion’ assumes that a crack will extend if the total ERR reaches some critical value, and is 
therefore independent of the mode partition as the total ERR is itself not affected by the 
partition.  
Now the equivalent elasticity problem to that presented in Section 2.2.3 for a crack in an 
isotropic material, is considered but this time for an interfacial crack between dissimilar 
materials. Williams (1959) found that the singular field around a crack’s tip at an interface 
between dissimilar materials is not square-root singular. The stresses on the interface take the 
following form (with 12 i ): 
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It is seen that as the crack tip is approached, the stress oscillates, as determined by the 
constant ߝ which depends on the elastic constants of both materials. Note that ߝ vanishes for 
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similar materials, and the same stress field as given in Section 2.2.3 is recovered. 
Furthermore, if the displacement field around the crack tip is considered, the crack faces are 
shown to interpenetrate near to the crack tip. Clearly interpenetration is physically impossible; 
however, Rice (1988) argued that while the Williams field must be wrong in the small area 
around the crack tip, it is correct around the larger area of the tip. This argument is similar to 
the one made for a crack in an isotropic material where stress intensity factor is claimed to 
characterise the state of stress at the crack tip because the LEFM solution is still appropriate 
outside of the very near-crack tip region. 
Rice (1988) re-examined LEFM to look into some of the complicating factors. Although the 
elasticity solutions for interfacial cracks do predict interpenetration of the surfaces near the 
tip (Williams 1959), that was not a good enough reason to reject them. It does mean that the 
solutions will be wrong in detail but they still give a good characterising parameter in the 
region of the crack tip. More specifically he noted that the square-root singular stress field 
and the complex stress intensity factor, in the cases of small-scale and non-linear material 
behaviour or for small scale contact zones near the crack tip, worked well. For interfacial 
cracks between different materials Rice suggested some new types of stress intensity factors 
to represent the fracture mode partition (in contrast to Eq. 22 in Section 2.2.3). This now 
broaches the topic of fracture mode partitions which is considered in the next section. 
2.2.7. Fracture mode partitions 
For cracks between dissimilar solids, Hutchinson, Mear and Rice (1987) and Rice (1988) 
introduced a complex stress intensity factor III iKKK   where IK  and IIK  are the stress 
intensity factors. These stress intensity factors are classical and based on the near tip stress 
field being square-root singular  21r . These equations also predicted the interpenetration of 
surfaces in the region around the crack tip, but the authors considered this inconsequential. In 
fact, Suo and Hutchinson (1989) argued that “there is no compelling evidence to date which 
suggests an important role for ߝ” (it is ߝ  that is responsible for the stress oscillation and 
interpenetration of surfaces). 
Suo and Hutchinson (1990) found that this complex stress intensity factor could be written as 
a single dimensionless real scalar function, itself made of a function of three parameters, or 
one in an isotropic homogenous material. This one parameter function was then 
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approximated thoroughly by numerically solving the crack integral equations for a case of 
loading. 
Charalambides, Kinloch, Wang and Williams (1992), however, pointed to what they 
considered to be the limitations of Suo and Hutchinson’s approach. They argued that the 
stress and displacement field is only square-root singular if the two arms have identical 
elastic constants so their approach strictly only holds for isotropic homogenous materials. In 
bimaterial cases the elastic mismatch parameter must be assumed to be sufficiently small. In 
addition, Charalambides et al. wondered if any singular field is dominant in nature over the 
crack extension size (i.e. the region ahead of the crack tip which is damaging and becoming 
newly-created crack area), which it would have to be if it is to dominate the damage and the 
failure mechanisms. For these reasons Charalambides et al. advocated using an ERR-based 
approach instead, which they termed the ‘global approach’. 
Sheinman and Kardomateas (1997) continued Suo and Hutchinson’s (1990) partition theory 
to cover general non-homogenous laminated composites. They derived the ERR using 
classical lamination theory and the J-integral for a 1D model of plane stress, plane strain and 
cylindrical bending. The relationship between the total ERR and the mode I and mode II 
stress intensity factors came from the original work of Sih, Paris and Irwin (1965). For 
isotropic homogenous materials the solution reduces to Suo and Hutchinson’s (1990) work. 
However, it once again relies on a square-root singular field at the crack tip. In Sih et al.’s 
work they found that the elastic stress singularity is always square-root singular, but they had 
based their work on the theories of anisotropic elasticity, which work on a macro-scale and, 
as such, ‘smear out’ the mechanical properties of the materials. Here the crack is modelled as 
a continuum behaving orthotropically and not as a crack on an interface between two 
orthotropic materials. This causes errors in ply-stacking, as it ignores the stacking sequence. 
Hence Sih et al.’s work is not valid for delaminations in laminated composites. 
Wang and Qiao (2004) did similar work to Sheinman and Kardomateas (1997) and Suo and 
Hutchinson (1990) by modelling an interface crack between two shear deformable elastic 
layers with different material properties. This method was based on the original work of Sih 
et al.’s (1965) mode I and mode II stress intensity factors and the total ERR and also assumes 
the square-root singular stress field which limits it, with the same issues as mentioned earlier 
by Charalambides et al. (1992). While Wang and Qiao have used the ‘local approach’ (based 
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on Suo and Hutchinson’s (1990) partition theory) a similar model by Bruno and Greco (2001) 
has used the ‘global approach’ (following the argument of Charalambides et al., 1992). Bruno 
and Greco’s model was derived from a laminated plate where the adhesion between the layers 
is modelled by a linear interface acting in the directions of mode I and mode II. The crack tip 
stress resultants and the ERR component are calculated when the interface stiffness 
approaches infinity. They reduced the two layer plate system to an algebraic eigenvalue of 
one. This was solved numerically, but they also obtained some analytical solutions. One of 
these was for a symmetrical plate with two layers, each layer with the same geometric and 
mechanical properties. This solution was the same as the one developed by Williams (1988). 
The only area where all partition theories agree is when each arm on the DCB has the same 
properties. 
A similar approach to Bruno and Greco’s (2001) theory was made by Luo and Tong (2009) 
where the mode I and mode II ERRs are found by letting the thickness of the adhesive 
approach zero. Once they had derived the differential equations for laminated beams with 
thick adhesive, they partitioned the total ERR by equating the energy needed for the crack to 
propagate in the adhesive to the work done by the crack tip force for mode I and mode II 
displacements over the distance the crack had propagated (a crack closure integral, Irwin 
1958). This allowed them to obtain completely analytical, closed-form solutions for the ERR 
partition for layered isotropic homogenous structures with arms of different thicknesses as 
functions of the axial forces and bending moments. 
Most analytical modelling has used LEFM, while most materials show at least some non-
linear and inelastic behaviour under sizable loads. It is likely that this is also true at crack tips 
where stress singularities exist. Once a large region around the crack tip undergoes plastic 
deformation other approaches can be used. One of these methods is cohesive zone modelling 
(CZM). Nguyen and Levy (2009) used a CZM method that meant they could model the 
delamination propagation without even considering the ERR partition. This model can be 
used to find the ERR by looking at the area under the stress-displacements graph for the 
interface in each direction, however they did not do this as they were only considering the 
interfacial slip and peel. 
Williams (1988) attempted to partition the total ERR by decomposing a mixed-mode into a 
superposition of pure modes based on pure mode II being obtained when there are equal 
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curvatures above and below the crack tip, and pure mode I being obtained when the bending 
moments on the layers above and below the crack tip are in the opposite sense. There are 
well-documented problems with this theory. Shim and Hong (1993) reported that their finite 
element method (FEM) simulations disagreed when the arms have different thickness as did 
Zhang and Wang (2009). Hutchinson and Suo (1992) said that Williams’ work contained 
‘conceptual errors’. Recent work by Wang, Harvey and Guan (2013) shows that Williams’ 
(1988) partition theory is obtained in the limit where the interface becomes very soft. 
Williams’ (1988) work was completely analytical closed form partition theory, other pieces 
of work have used semi-analytical approach using an analytical method to find the ERR and 
then finds the mode partition numerically using results from the 2D continuum problem. 
Shapery and Davidson (1990) claimed that classical plate (beam) theory does not provide 
enough information to find the mode I or mode II components. They made a partition based 
on the classical plate theory, and to gain more information, they non-dimensionalised the 
problem then solved it with FEM and boundary conditions. The results, both ERR and the 
partition, were in good agreement with the results from FEM using quadrilateral elements. 
The ERR was also very close to the ERR calculated using from 2D elasticity.  
The Shapery and Davidson (1990) theory does not predict the same pure modes as Williams’ 
(1988), but does agree well with the partition theory of Suo and Hutchinson (1990), Suo 
(1990) and Hutchinson and Suo (1992). 
Suo and Hutchinson’s (1990) approach was similar to Shapery and Davidson’s (1990). It was 
also based on classical beam theory for an isotropic homogenous material except for the 
aspects that determine the mode partition of a mixed-mode. However, Suo and Hutchinson 
used integral equation methods to get a linear elasticity solution for the region around the 
crack tip. 
Harvey and Wang (2012a) extended their earlier work on their partition of mixed-mode 
fracture in layered isotropic materials to laminated composite DCBs. They developed a 
completely analytical theory based on Euler and Timoshenko laminated composite beam 
theories using experimental data that had been published. They developed two ‘average 
partition rules’, both of which agreed closely with FEM simulations. The first halves the 
interaction between the mode I vector modes and the mode II vector modes in the Euler beam 
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partition theory. The second uses the minimum point of the mode I ERR over the total ERR 
and the minimum point of the mode II ERR over the total ERR as pure modes, to remove 
small regions of negative ERR partitions. The second average partition rule matched closer 
than the first, but both were very close to the FEM data, even when there are sizable 
differences between the Euler and Timoshenko theories which could have put some strain 
upon the average partition rules. They also investigated the contact behaviour of DCBs. They 
found that there are two types of contact. The first is crack tip running contact, which creates 
a region of pure mode II. The second is point contact at the DCB tip, which results in a region 
of mixed-mode or pure mode II. The framework to determine this was for a single loading 
case which is easily repeatable for further work. They conclude that the Euler beam partition 
theory gives good agreement with the linear failure locus, but they are unsure why this is the 
case. They propose that it is because the Euler partition theory is a kind of ‘global’ partition, 
whereby the partition is calculated over the entire region mechanically affected by the 
presence of the crack tip. When this is done, the shear stresses on the crack interface sum to 
zero by equilibrium, and it is Euler beam theory (where shear forces are not considered) that 
provides it. The potential weakness in this is the assumption that the linear failure locus is the 
correct one, although this is in line with other authors, for example, Charalambides. The 
authors recommended further testing. 
2.3. Digital image correlation 
This section is largely based on LaVision (2014). DIC is a non-destructive and non-invasive 
method to analyse strain fields on the surface of materials. It uses one or more cameras to 
take a series of images of the surface. By analysing the images, the movements of the surface 
can be tracked, which in turn allows the strain fields to be extracted. The principle of 
operation is that patterns are searched for and matched in each image of the series. Matching 
the patterns over the entire surface, aiming to minimise the difference in pattern for each 
subset, allows the corresponding displacement vector (length and direction) to be determined 
between frames. 
Figure 10 shows a subset of speckles from an example speckle pattern on the surface of a 
body that is undergoing deformation. Despite the deformation, the pattern matching 
algorithm matches the pattern between each image in the sequence. The red cross marks the 
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centre of the subset. The movement of the red cross between frames is the displacement 
vector. 
 
Figure 10: A subset of speckles from an example speckle pattern on the surface of a body that 
is undergoing deformation (LaVision 2014) 
By repeating this process for a grid of subsets, the deformation vector field is obtained. Local 
derivative calculations give the in-plane strain fields on the specimen surface. This process is 
depicted in Figure 11. 
 
Figure 11: The principle of operation of DIC (LaVision 2014) 
Using a single camera gives 2D in-plane deformation. Using stereoscopic multi-camera 
setups, however, allows full 3D surface measurements to be measured. For 3D stereoscopic 
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DIC, two calibrated cameras view the surface of the specimen. Calibration can be achieved 
using a calibration plate with geometry and markings that are exactly known. Calibrating 
provides a relationship between what is seen through the cameras and real-world space. By 
matching the patterns seen by each of the cameras (and with reference to the calibration 
model), the height and ݖ-displacement of the surface can be calculated. 
It is seen from Figure 10 that it is often necessary to prepare the specimen surface to enhance 
the contrast. Some surfaces have a natural random pattern and DIC can be successful without 
surface preparation; however, in the majority of cases some preparation is required. One 
simple way to do this is apply paint speckles. To achieve the required contrast, white speckles 
on a black base can work effectively, or black speckles on a white base, etc. 
These speckles are very important, they cannot be too fine or they become too difficult to 
track, they cannot be too large or you could affect the strain on the surface, too few and there 
is not enough information in each region, too many and they cannot be distinguished between, 
too even on the spread and the specimen could appear isotropic, leading to large compound 
errors in the post-processing. A very simple and easy technique for applying the speckle 
pattern, involves flicking paint from a brush at the specimen; this can apply a good pattern 
which will not be too isotropic for effective pattern matching. 
For 2D DIC, once the specimen has been set up in the testing apparatus, a scale must be 
determined. This can be done by placing an object of known size or scale (for example a ruler) 
next to the specimen and then, in the software, inputting the length of a selected vector on the 
image of the object. 
Having taken an image sequence, when using LaVision’s (2014) system, a subset size must 
be selected. Their guidance recommends that the subset should contain approximately seven 
speckles. An example point must also be seeded; this is a subset which contains a minimum 
of two to three contrasting speckles inside. The specimen is divided into subsets of this size 
and then a step size for the displacement grid is required. This step size should be 
approximately a quarter to a third of the subset size. This step influences the resolution of the 
displacement grid over the specimen. 
3. Review of mixed-mode 
fracture testing 
3.1. Experimental test methods 
3.1.1. Mechanical tests 
Investigating interlaminar fracture experimentally is something that has been done for many 
years. As such, many test methods have been developed over the years and some have even 
been adopted as standards by various standardisation organisations. This literature review is 
going to cover some of the most common tests, starting with the pure modes, then moving on 
to the mixed-modes: DCB, climbing drum peel (CDP), end-notched flexure (ENF), end-
loaded split (ELS), compact edge-notched shear test (CNES), which are all pure mode tests 
and then the mixed-mode tests: mixed-mode bending (MMB), fixed ratio mixed-mode 
(FRMM), variable ratio mixed-mode (VRMM), uneven bending moment (UBM) test and 
single leg bending (SLB). 
There are typically two different types of monotonic load application: fixed-force and fixed-
grip (see Section 2.2.1 and Figure 5). The type of test chosen is important as it affects the 
form of the mathematical relations for the critical ERR (Kundu 2008). 
In a fixed-force test, the load is increased continuously until the crack starts to propagate. 
Once the crack has started to propagate the load is kept constant. The critical ERR can then 
be calculated from the compliance-crack derivative and the critical load. As the compliance 
increases with the crack length, once the crack initiates, it propagates unstably. 
In a fixed-grip test, the specimen undergoes a specific displacement. The displacement is 
continuous up to the critical crack opening displacement. Once the crack has propagated a 
small distance it stops. Here the critical ERR is calculated from the compliance-crack 
derivative and the critical crack opening displacement with its compliance. 
 
3. Review of mixed-mode fracture testing 34 
 
Pure mode tests 
DCB 
 
Figure 12: The DCB test 
An experimental method developed to measure the critical ERR of a material was developed 
by Strawly, Jones and Gross (1964). Although what they described can be extended to other 
test configurations, they described it for what is effectively the DCB test, which is a pure 
mode I test. A DCB is a beam with a crack at one end. In the DCB test, two forces are applied 
in opposite directions at the end with the crack (see Figure 12). The specimen does not need 
to be supported at any other location. The crack is located centrally through the thickness 
(with each arm having the same thickness). In Strawley et al.’s (1964) method, the 
compliance of multiple DCB specimens with different crack lengths is found by measuring 
the slopes of the linear sections of the load-displacement curves for each specimen. The 
resulting compliance for each specimen can then be plotted on a crack length-compliance 
curve. To evaluate the critical ERR, the gradient of this curve can be found for a given crack 
length, ݀ܥ ݀ܽ⁄ . The critical ERR is then calculated using this value and simple mathematical 
relations. 
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Figure 13: Typical load-displacement curve for a DCB (left); Typical crack length-
compliance curve from multiple DCBs (right) 
The DCB test is a very common test and has its own standard given in ASTM (2007e3). The 
specimen should be a laminate with uniform thickness and a non-adhesive insert placed in the 
mid-plane during manufacture. This insert is to produce the pre-crack and must be no thicker 
than 13µm. The standard is for laminated composites made with UD carbon fibre or glass 
fibre with brittle single-phase polymeric matrices. The dimensions of the specimen should be 
at least 125 mm long, between 20 and 25 mm wide (although round-robin testing showed 
similar results for narrow and wide specimens, meaning that width is not critical) and 
between 3 and 5 mm thick (ASTM 2007e3). To get good measurements of mode I fracture 
without needing geometric non-linearity corrections the DCB should be around 24 plies 
(Martin 1991).  
This test can be applied to specimens outside of the specified dimensions, such as thicker, 
narrower, asymmetrical arms, and such forth, but this standard reflects the current 
understanding and experiences from round-robin testing (O’Brien and Martin 1993). 
The test is then carried out by applying a load to the open ends of the DCB. This is done 
through loading blocks or hinges. The displacement of the each of the free ends is controlled. 
The displacement, crack-length and load are all recorded. The crack length is the sum of the 
initial crack made by the insert and the distance it has propagated, can be measured by adding 
graduations onto the side of the specimen. The mode I fracture can then be calculated by 
either using the compliance calibration method or the modified beam theory method. 
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The ASTM standard was not agreed upon until 1994, even though people had been using 
DCB tests on composites since the 1960s with only one specimen geometry being used and 
with a straightforward analysis. This delay to reach a standard was due to some experimental 
complications. One problem encountered in the 1980s was an observation that UD specimens 
were strongly affected by fibre-bridging and multiple cracks, which can occur as the crack 
moves above and below bundles of fibres (Davies et al. 1998). It was also found that when 
fibre-bridging and multiple cracks happen, the fracture resistance curves, which plot mode I 
fracture toughness against crack-length, stop being specific to the material, but become 
dependent on the specimens stiffness (Davies et al. 1998). However, these issues are rarely 
seen in the more realistic, MD laminates. 
Another issue was how to calculate the fracture toughness; should it be based on crack 
initiation or propagation? The problem with propagation is the susceptibility of the resistance 
curves to the fibre-bridging and multiple cracking problems. Therefore the focus was shifted 
to initiation fracture toughness. This then lead to a debate on what type of initial defect to use 
and the thickness of said defect. It had been previously observed that the fracture toughness 
decreased as the defect film thickness was decreased, up until a certain thickness where a 
constant value was measured. The threshold value for the fracture toughness to be 
independent of the film thickness was found to be 15µm. This was found after a few round-
robins (O’Brien and Martin 1993) and then the 13µm found in the ASTM standard, as 
mentioned above, was agreed upon. 
Once the specifics of the defect had been sorted, the next issue was how to find when the 
initiation occurs. There are several initiation fracture toughnesses; the first is at the point 
where the load-displacement relationship stops being linear. The second is based on the 
recorded load and displacement where the delamination can be visually seen to grow. The 
third and final value is calculated to be at the point where the compliance has changed by 5%. 
This final value is normally found for approximately 1 mm of crack growth for specimens 
designed based upon ASTM (2007e3) standard (Davies et al. 1998) 
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CDP 
 
Figure 14: The CDP test 
Daghia and Cluzel (2015c) investigated the CDP test from the adhesives community on 
laminated composites. The CDP test is used to characterise bond strength and is detailed in 
ASTM-D1781. As this standard is from the adhesives community, it does not specify how to 
determine the critical EER, it instead determines the peel torque. The authors of this paper 
have done previous work (Daghia, F. and Cluzel, C. (2013), Daghia, F. and Cluzel, C. (2014), 
Daghia, F. and Cluzel, C. (2015a) and Daghia, F. and Cluzel, C. (2015b)) to adapt the 
principles between peel torque and critical EER in composites. The authors have assumed 
this test is pure mode I. The idea behind this test is that it should overcome certain difficulties 
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with standard delamination tests: such as the setup of this test forcing a straight crack 
propagation and keeping the crack tip in a relative position to the geometry of the test, which 
removes the difficulty in locating the crack tip for analysis. This paper compares the DCB 
test to the CDP test using cross-ply and angle-ply laminates. The tests provided consistent 
data, with an exception for the 0/0 interface case where observation of the fracture surfaces 
showed a different crack propagation loci for the two specimens. The authors were unable to 
determine which of these was more representative of crack propagation for general loading.  
ENF 
 
Figure 15: The ENF test 
The ENF test is a pure mode II test and is common for the testing of interlaminar fracture 
toughness. There is no widely used standard, but a Japanese standard does exist (JIS 2008). 
The specimen is similar to the DCB test. It should be a laminate with uniform thickness and a 
non-adhesive insert placed in the mid-plane made of UD fibres. The specimen is rested on 
two roller supports so it can rotate freely. The load is at the centre of the specimen making 
this a three-point bending test. 
The load and displacement are recorded. Beam theory is the most commonly used method to 
process the data from ENF. Solutions for the compliance and ERR of ENF specimens were 
given by Carlsson, Gillespie and Trethewey (1986). Friction effects and unstable propagation 
are the main limiting factors of this test. The unstable propagation means that the fracture 
toughness has to be found for the point of initiation for the delamination. As with DCB, there 
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are different ways to do this. Observing visually is harder as the delaminated surfaces are 
pressed together and the initiation is followed immediately by the unstable propagation. 
There are three methods to calculate the initiation fracture toughness from the loads and 
displacements. The first method involves taking the point at the maximum load, which is 
where the unstable delamination growth happens. The second method is based upon when the 
load-displacement curve stops being linear. The third method is from the point where the 
compliance is 5% from its starting value. 
Shear deformation has the potential to significantly affect the experiment. To avoid this, the 
specimen needs to be thick enough to avoid significant geometric non-linearity effects. To do 
this, Carlsson, Gillespie and Pipes (1986) assumed that there was no rotation at the centre of 
the specimen. However, Zhou and He (1994) noted that this was not a good assumption and 
can easily be seen to be incorrect from photographs. So they suggested a model based on the 
specimen being two cantilever beams, one of these beams being a DCB. 
ELS 
 
Figure 16: The ELS test 
Another method for pure mode II is the ELS test developed by Corletto (1986), Hashemi et al. 
(1990). It is very similar to ENF. It is clamped at the uncracked end and loaded at the cracked 
end. Both arms are bent in the same direction. The advantage of this method is that when the 
crack length reaches 55% of the specimen length, the propagation becomes stable (Martin 
1991). Any resistance curve effects can then be determined in a single loading sequence. 
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CENS 
 
Figure 17: The CENS test 
Caimmi, Frassine and Pavan (2006) developed a pure mode II test, designed for use under 
high load conditions. It is called the CENS. They developed this to limit the effect of friction 
in pure mode II. There are varying assessments on the effect of friction in ENF, ranging from 
3% (Carlsson et al. 1986) to 15% (Buchholz, Rikards and Wang 1997), but it is also assumed 
that the friction only acts near the loading pin (Carlsson et al. 1986), which does not fit the 
numerical analysis that indicates the presence of compressive stresses in the tip (Crews and 
Reeder 1988). The test gave very low friction and was almost pure mode II. The authors 
believe further refinement is needed on this test however. 
Mode II standard 
There have been many attempts to standardise a pure mode II test, so far this has not been 
possible due to a number of issues. The primary issue has been measuring the crack length. 
Blackman, Brunner and Williams (2006) have attempted to address this and proposed 
removing the need for this parameter to be recorded at all. Using the true modulus and the 
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calculated compliance, they then calculated the effective crack length. This has reduced the 
scatter on the values of the critical ERR, however more work needs to be done. 
Mixed-mode tests 
It is rare for delaminations to happen in pure modes; generally delamination will be a 
combination of all three modes. This is a good reason to develop several methods to test the 
fracture toughness of each mode. Then the fracture toughness can be found for different pure 
modes (as above) and can be found in mixed-modes, which will be examined next. 
Several criteria to describe mixed-mode failure have been suggested to describe mixed-mode 
fracture toughness and a number of tests have been developed to produce mixed-modes. Most 
of these tests focus on mixed-modes of mode I and mode II fractures. 
MMB 
 
Figure 18: The MMB test 
MMB is one of the standard tests. This test was first developed by Reeder and Crews Jr. 
(1990) by combining mode I DCB loading with and ENF mode II loading on a cracked UD 
laminate. The test is effectively an ENF with an opening mode at the delaminated end. 
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The test was then analysed using two different methods to find the mode I and mode II ERRs. 
The first was FEM with eight node quadrilateral elements and the virtual crack closure 
method (VCCM) (not covered in this literature review). The other method of analysis was 
Williams’ (1998) analytical partition theory based on Euler-beam theory. This partition 
theory assumes that the opposite crack tip bending moments are pure mode I and that an 
equal curvature in both arms at the crack tip produces pure mode II. As discussed earlier, 
these assumptions seem valid when the arms are of equal thickness. Reeder and Crews Jr. 
(1990) found the agreement between the two analyses to be very similar. They also found that 
they could produce a range of mode I to mode II ERR ratios by varying the load position on 
the lever arm. 
The test was then modified by Reeder and J.H Crews (1991) to reduce non-linearities. Rather 
than using a non-linear analysis, they opted to redesign the apparatus to reduce it. The 
redesign included a ‘saddle’, with a free-rotating joint above the mid-plane of the specimen, 
to put the loads through. With the redesign the errors due to geometric non-linearity went 
from about 30% to 3%. 
The MMB test is particularly useful as the same specimen can be used for both mode I and 
mode II tests and the mixed-mode ratio is easily varied from pure mode I to pure mode II. 
The test is outlined in ASTM D6671/D6671M after some further refinements to the test by 
Reeder (2006). The specifications for the specimens are not dissimilar to those of the DCB 
test in ASTM (2007e3). The specimen should be a laminate with uniform thickness (variation 
of no more than 0.1 mm) and a non-adhesive insert placed in the mid-plane. This insert is to 
initiate the delamination and should create an initial delamination of 25 mm. The standard is 
for laminated composites made with an even number of UD plies. The dimensions of the 
specimen length is not critical but should normally be about 137 mm long, between 20 and 25 
mm wide (although width is not critical) and between 3 and 5 mm thick. The tabs and 
attachments on the specimen (for the test) must be as wide as the specimen and capable of 
withstanding the full load with no damage or loss bonding with the specimen. 
 
3. Review of mixed-mode fracture testing 43 
 
FRMM 
 
Figure 19: The FRMM test 
The FRMM test is a simpler test to perform than MMB and gives a fixed ratio between mode 
I and mode II. There is no standard, but has been developed by Hashemi et al. (1991). One 
problem with the test is that the fracture modes predicted by the many different partition 
theories in the literature do not agree when the arms have different thicknesses. The reason 
for this is that the pure mode conditions in many of these theories are not the conventional 
definitions of mode I and mode II, as determined in 2D elasticity theory. This was pointed out 
by Thouless, Evans, Ashby and Hutchinson (1987), this has been solved by Suo and 
Hutchison (1990) with singular a field analysis at the crack tip; the conventional definitions 
of symmetry are maintained.  
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VRMM 
 
Figure 20: The VRMM test 
The VRMM test is a mixed-mode test developed by Hashemi et al. (1991). The test can be 
varied between pure mode I, where the crack length is the distance between the supports at 
each end, and pure mode II, where the crack length is the distance between the support at the 
open end and the loading block. The ERR can be partitioned using William’s (1988) partition 
theory since it is symmetrical. 
SLB 
 
Figure 21: The SLB test 
The SLB test is a common bending test for mixed-mode fractures. It has a fixed mixed-mode 
ratio, but there can be some variation based on the arms having different thicknesses. 
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Fernández, Moura, Silva and Marques (2013) used SLB to test the influence of the degree of 
how mixed the modes on the fatigue of bonded joints. They had already obtained data for 
pure mode values to which to compare this new data with. The crack propagation was stable 
while the load was under 50% of the failure static load, but became unstable at 70%, which 
meant that the Paris law could not be applied. The data obtained had a low scatter and were 
very consistent. They felt the test performed well in the areas needed and they concluded that 
the presence of mode II component is good for the life of bonded joints. 
UBM 
 
Figure 22: The UBM test (Sørensen, Jørgensen, Jacobsen, Østergaard 2006) 
The UBM test is another mixed-mode test. This is a static fracture test. It consists of two 
transverse arms attached to a DCB specimen. Uneven bending moments are applied to these 
arms. Varying these moments allows for variation of the mode. This test allows for testing 
using pure bending moments with no through-thickness shear forces. The un-cracked end of 
the specimen is restricted from rotation, but is free to move up and down. To keep the load 
identical, the load is applied through a wire, connected via rollers to the transverse arms 
(Sørensen, Jørgensen, Jacobsen, Østergaard 2006). 
 
3. Review of mixed-mode fracture testing 46 
 
Sørensen et al. used specimens made of two layers of a UD glass fibre/polyester composite, 
each about 8 mm thick, sandwiched together by a layer of thermoset adhesive 3 mm thick 
(controlled by spacers). Their specimens were 300 mm long and 30 mm wide. A piece of foil 
was used as an insert to pre-crack the specimen. Two metal blocks were attached to the pre-
cracked end for the lever arms to connect to. Before testing takes place, the specimens are 
pre-cracked. A near symmetrical load was applied until a load drop occurred. The load was 
near symmetrical, rather than perfectly symmetrical, to ensure that the crack is at the 
laminate-adhesive interface and not in the middle of the adhesive. This crack extension 
normally gave about 5-10 mm and had some fibre bridging. This crack tip cannot be valid as 
it is not a truly sharp tip due to the initiation from the insert. To solve this, the crack is 
machined to make a sharp and well defined crack tip. A band saw can then be used to cut into 
the adhesive layer at the laminate interface up to a point about 1-2 mm from the crack tip. 
Once this has been done, most of the fibre bridging has been removed and a sharp crack tip is 
left. Once this process is complete, the specimen is ready to be used for testing. 
The test itself involves loading the specimen at a constant rate, recording the time, load and 
opening. The opening can be recorded with different methods; here Sørensen et al. (2006) 
used a linearly variable displacement transducer mounted parallel to the beam. 
This test has an advantage over MMB, as MMB can be unstable in mode II dominant (Ozdil 
and Carlsson 2000), while UBM is stable over the whole mixed-mode. 
Lundsgaard-Larsen et al. (2009) used UBM to investigate fracture behaviour and fibre 
bridging in sandwich panels.  
Lundsgaard-Larsen, Berggreen, and Carlsson (2010) used the UBM test to investigate 
debonding between the faces and core of sandwich specimens. The specimens have 2 
fibre/polyester faces separated by a foam core. In sandwich specimens, face/core interface 
cracks can propagate in three ways: along the face/core interface, kink into the core or kink 
into the face. As in laminates, the crack will follow the path of least resistance; as such this 
depends on the mode-mix of the loading, and in the sandwich specimen case, the properties 
of the materials used. The aim was to examine different concepts to prevent or reduce the 
kinking of cracks into the face, while enhancing the face/core fracture resistance. 
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Saseendran, Berggreen and Carlsson used UBM on honeycomb core, thin face sandwich 
specimens to analyse fracture. They then found the analytical J-integral for typical sandwich 
specimens from their data. 
Wredenberg and Larsson opted to use the UBM apparatus to find the stress intensity factors 
for their scratch testing of polymeric coatings. UBM was chosen as the EER obtained is 
independent of crack location. 
Sørensen and Jacobsen (2009) used it to investigate a mixed mode general J-integral for 
fracture. 
Sørensen, Goutianos and Jacobsen (2009) used UBM on 2 m long adhesively bonded 
polymer-matrix composites to investigate large scale fibre bridging. They compared this data 
to predications made with data taken from 0.3 m long specimens and found them to be in 
good agreement.  
3.1.2. Visual observation methods 
The simplest way to observe stable crack propagation involves marking a scale on each 
specimen and visually observing the growth of the crack, while recording the time at each 
interval as to compare to the load or displacement (depending on the type of test). This has 
been done by many groups, including, Hashemi et al. (1991). It can also be enhanced with a 
visual aide, such as an optical microscope, which is recommended in ASTM2007 
D6671/D6671M (the DCB ASTM standard). 
3.1.3. Digital image correlation 
DIC is a non-destructive and non-invasive method to analysis the strain fields on the surface 
of materials. It uses a camera to track the movements of the surface and then processes this 
data. Further information on the background and principle of DIC can be found in Section 2.3. 
Bisangi and Walters (2008) used DIC to analyse biaxial loading on composite specimens, 
both with initial points of weakness, provided by a polytetrafluoroethylene (PTFE) insert, and 
without. They observed that the specimens with the insert were much weaker than those 
without (as one would expect). Périé, Leclerc, Roux and Hild (2009) coupled DIC with FEM 
to extract planar displacement fields in the developments of an anisotropic damage law in 
woven composites. Méité, Dubois, Pop and Absi (2013) also coupled DIC with FEM as to 
circumvent the need for mechanical behaviour law knowledge required to prediction the ERR 
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in wood. Huang, Bu, Zhou, Zhu, Shi, Xie and Feng, used DIC for analysis for a UBM test. 
They used glass fibre reinforced polymers in UBM to measure the properties of fatigue and 
the fracture toughness at the crack, using a charge-coupled device (CCD) camera to record 
the fatigue and crack propagation. They found that the growth rate of the crack decreased as 
the crack extension increased, eventually reaching an almost constant value due to bridging 
effects. They then used DIC to analyse the deformation at the crack tip. They noted that under 
constant applied moments, the crack tip stress intensity factor increases as the number of load 
cycles increases. They concluded that it is easier for cracks in composites to propagate under 
cyclic loading than the static loading. 
3.1.4. Infra-red thermography 
Libonati and Vergani (2013) used infra-red thermography to analyse damage evolution in 
glass fibre reinforced polymers. infra-red thermography is a non-destructive and non-invasive 
technique. It works by detecting the electromagnetic radiation coming off a grey body. It can 
be used to detect damage from heat or loading. It is widely used in the aerospace industry to 
inspect large components in situ. infra-red thermography is also used for thermal stress 
analysis, which is a technique that detects the stress fields on a specimen, which will be 
covered in detail later on. In this paper, Libonati and Vergani used static loading and infra-
red thermography to observe the defects, the formation of the damage, and the damage 
evolution. They note different failure modes for composites with different fibre orientations. 
They noted three regions: the initial ‘thermoelastic’ region, where there was no damage 
formation, with a linear temperature decrease, while the material undergoes an elastic change. 
The second region is of a non-linear temperature decrease, down to a minimum, although the 
material is still behaving elastically, small micro damage is happening due to pre-existing 
defects. The final region is where the temperature increases, the rate of this increase depends 
on the material and the failure mode; this is the region where the damage extends to the 
macro scale and onto the whole surface. 
3.1.5. Thermal stress analysis 
Thermal stress analysis is a non-destructive and non-invasive technique that gives the full-
field stress from the surface of a component directly. The work is developed from the work of 
Biot (1956) on thermoelasticity and thermodynamics. The technique measures the small 
changes in temperature in a solid when it is subjected to elastic cyclic stresses. It has been 
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shown that these small temperature changes are directly related to the stresses in the material 
(Dulieu‐Barton 1999). It is easy to record these temperature changes using infra-red 
thermography (as mentioned above). Tomlinson and Olden (1999) noted some the advantages 
of thermal stress analysis over other full field stress analysis methods. There is little 
preparation of the specimens, unlike DIC where the specimen must be speckled. The 
equipment is not particularly effected by the environment around it, unlike acoustic emission 
where background noise can be a large problem. However, it is the ability to directly measure 
the crack driving force which is arguably the most significant advantage. 
3.1.6. Acoustic emission 
Lorriot, Wargnier, Wahl, Proust and Lagunegrand (2013) used acoustic emission to detect the 
onset of delamination. Acoustic emission occurs from acoustic stress waves created when 
energy is released quickly because of micro structural changes in a material. It is “a 
phenomena of transient elastic waves generated by the rapid release of energy from localised 
sources within a material.” (Cole 1985). It can detect and locate damage and is also non-
invasive. The technique involves attaching sensors around the specimen and as the stress 
wave propagates the sensors pick it up. With multiple sensors, it is possible to locate where 
the stress wave originates from by recording the time it reaches each sensor and processing 
from there. 
3.1.7. Linearly variable displacement transducer 
 
Figure 23: A linearly variable displacement transducer measuring crack propagation 
(Sørensen et al. 2006) 
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Sørensen et al. (2006) and Sørensen and Jacobsen (2009), used a linearly variable 
displacement transducer to track the opening of their crack. The LDVT measures the 
tangential displacement at the crack. This method allows for a complete recording of the 
change in displacement, rather than only recording at specific points. It is also recommended 
in ASTM D6671/D6671M (the MMB standard) as the technique to measure the crack 
propagation. 
3.1.8. Fractographic analysis 
Fractographic analysis is a detailed look at the specimen using powerful microscopes to 
observe the specimen at a small scale. Blanco, Gamstedt, Asp, Costa (2004) performed 
fractographic analysis on specimens tested with ELS. On observing the crack in detail, a 
complicated picture of various types of interacting fracture mechanisms were observed 
including; fibre bridging, matrix shear cracking, the formation of matrix rollers and brittle 
cracking. The parameters of the Paris law vary non-monotonically depending on the mix of 
the mode I and mode II fracture involved. This is generally not taken into account in growth 
rate predictions. The observations from the fractographic analysis explain and contribute to 
some of the non-monotonic parameters involved. 
Bonhomme, Argüelles, Viña, and Viña (2009) performed mode I DCB and mode II ENF tests 
on UD carbon/epoxy specimens. They underwent a fractographic analysis of the specimens 
after each of the tests and then a numerical analysis using FEM for the mode II case. They 
observed that the crack usually propagates across the fibre/matrix interface due to the clean 
appearance of the fibre surface with holes left by the debonded fibres. The morphology of the 
mode I tests shows a ‘river pattern’ around the fibres on the crack as the most dominant 
feature. This is attributed to the plastic flow of the epoxy matrix. Fibre bridging was also 
observed and is considered an ‘artefact’ of the UD DCB specimen designs, as it is not 
observed in MD specimens. Some ‘hackle pattern’ (or ‘lamellae structure’) was also observed 
in the mode I specimens. Hackle patterns are usually observed in mode II and mixed mode 
tests as their formation is thought to be linked to shear deformations. The mode II tests 
showed hackle patterns as the predominate form of morphology. The FEM analysis showed 
that the primary tensile stress near the crack tip was perpendicular to the hackle pattern, 
which was at 45°  to the plane of the crack. This implies that the matrix cracking 
perpendicular to the stress direction is the mechanism which forms the hackle pattern. 
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3.2. Methods for post-processing experimental data 
3.2.1. Mathematical presentations of the major partition theories 
The following is taken from the Harvey and Wang 2012a paper on mixed-mode partition 
theories for one-dimensional delamination in laminated composites. For the purposes of this 
thesis the derivations will not be included. This is only a presentation of some of the major 
partition theories. 
The Wang-Harvey partition theories 
The Wang-Harvey partition theories are developed for one-dimensional fractures in isotropic 
materials or laminated composite materials for straight beams and axisymmetric plates. The 
full details are given in Wang and Harvey 2012a, Wang and Harvey 2012b and Harvey and 
Wang 2012a. For these presentations, only the final expressions for the ERR are presented. 
The presented format should be convenient for use by academic researchers and industrial 
engineers, in the Wang and Harvey 2012a, Wang and Harvey 2012b and Harvey and Wang 
2012a papers they are presented in a format which is most revealing of the underlying 
mechanics.  
 
Figure 24: A DCB: (a) General description; (b) Crack tip forces 
 
3. Review of mixed-mode fracture testing 52 
 
Figure 24 (a) shows a DCB with its associated geometry, two tip bending moments, and two 
tip axial forces. The partition is based on the bending moments and axial forces acting at the 
crack tip B, which are shown in Figure 24 (b). According to the Wang-Harvey Euler beam 
partition theory, the mode I and II components of the total ERR, denoted by IEG  and IIEG  
respectively, are 
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where i  and i  represent the first set of pure mode I and II relationships respectively and 
 and i  represent the second set. They are recorded here. 
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The remaining variables in Eqs. (38) and (39) are 
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The extensional, coupling and bending stiffness are denoted by A , B  and D  respectively. 
These quantities take different values under the plane-strain assumption from those under the 
plane-stress assumption; see Li 1996 and Li and Lim 2005 for details. However, there is no 
difference between the two assumptions in the following development. 
 iiii DBAA
2  (56) 
 iiii DABB  2  (57) 
 iiii ABDD
2  (58) 
i  is either 1 or 2, and refers to the upper and lower sub-laminates respectively. No subscript 
is used for the intact part of the laminate. 1A  is the extensional stiffness of the upper beam 
and A  is the extensional stiffness of the intact beam, etc. 
According to the Wang-Harvey Timoshenko beam partition theory; the mode I and II 
components of the ERRs denoted by ITG  and IITG  respectively are 
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The averaged partition theory is the average of the Wang-Harvey Euler and Timoshenko 
beam partitions. This partition has been found to give an excellent approximation to the 
partition from 2D elasticity (see Wang and Harvey 2012a, Wang and Harvey 2012b and 
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Harvey and Wang 2012a). The mode I and II components of the ERR from the averaged 
partition theory are denoted by IAG  and IIAG  respectively. They are 
   2ITIEIA GGG   (63) 
   2IITIIEIIA GGG   (64) 
These three partitions are easily reduced for isotropic materials (Wang and Harvey 2012a and 
Wang and Harvey 2012b). A thickness ratio of 12 hh  needs to be introduced. The present 
Euler beam partitions for isotropic beams reduce to  
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where IEc  and IIEc  are still given by Eqs. (52) and (53) and 
 BBBe NNN 211   (67) 
The pure mode relationships are now as follows: 
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   312 1
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 
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h
 (73) 
 31    (74) 
The isotropic 
1G  and 1G  for use in Eqs. (52) and (53) are 
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The present Timoshenko beam partitions for isotropic beams reduce to  
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where ITc  and IITc  are given by Eqs. (61) and (62). The averaged partition is obviously still 
given by Eqs. (63) and (64). 
In this last case, the partition theories are given for the special case of spalling or sub-surface 
cracks, where  . These partitions use the Euler beam, Timoshenko beam and averaged 
fracture mode partition theories which are, respectively 
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The total ERR G  is the same for all three theories 
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For the presentations of these partitions, the through-thickness shear effect due to applied 
shear forces is small and is ignored. Contact between the upper and lower beams is also not a 
concern and as such the contact behaviour is only briefly described here. For Timoshenko 
beams, crack tip running contact occurs, resulting in pure mode II fractures. For Euler beams, 
the contact behaviour depends on the relative geometric and material properties of the upper 
and lower beams and the mode partition can either be pure mode II or mixed. Contact has 
been considered in complete detail in previous work by Wang and Harvey 2012b and Harvey 
and Wang 2012a. 
Davidson et al.’s 2D-elasticity non-singular-field partition theory 
Davidson et al.’s non-singular partition theory, which is based on 2D elasticity, is given by 
the following formula: 
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where cN  and cM  are the concentrated crack tip force and moment respectively. Where  , 
‘mode mix parameter’, is: 
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Note that   in Eq. (84) is given by   10log . The mode mix parameter   is determined 
using experimental data. 
The Suo-Hutchinson partition theory 
Suo and Hutchinson (Suo 1990, Suo and Hutchinson 1990 and Hutchinson and Suo 1992) 
considered a crack in a semi-infinite strip of orthotropic material and derived expressions for 
the mixed-mode intensity factors. These are analytical, with the exception of one parameter, 
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which is found numerically. Good agreement between the Suo-Hutchinson partition theory 
and the averaged partition theory has been observed (see Wang and Harvey 2012a and Wang 
and Harvey 2012b). The Suo and Hutchinson partition is reproduced here. For consistency, 
the notation has been changed where appropriate to match the conventions used elsewhere in 
this thesis. The Suo and Hutchinson partition theory assumes that a square-root singular field 
exists, so the partition is expressed in terms of stress intensity factors. The mode I and II 
stress intensity factors ISHK  and IISHK  are 
      sin
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where M  and N  are linear combinations of the applied loads: 
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The geometric factors U , V  and   are functions of  : 
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The quantity  is determined from the following approximate formula: 
   31.52  (91)  
For the spalling case, taking the limit where  , gives 
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For comparison with the ERRs from the beam theories, the relationship between ERR and 
stress intensity factor for plane stress is 
 EGK 2  (94)  
Again, for plane strain, E  may simply be replaced by  21 E . 
The Williams theory 
Williams was one of the first researchers to try to partition a mixed-mode (Williams 1988). 
This theory has been applied to the various test methods for laminates (Williams 1988, 
Hashemi, Kinloch and Williams 1990 and Kinloch, Wang, Williams and Yayla 1993). 
Experimental work has also been undertaken to evaluate the performance of this theory 
(Kinloch, Wang, Williams and Yayla 1993, Charalambides, Kinloch, Wang, and Williams 
1992 and Hashemi, Kinloch and Williams 1991). His pioneering work was partially 
successful, in that this theory correctly predicts a pair of pure modes and can also give the 
correct partition for a symmetric DCB, i.e. 1 . However, it is not capable of identifying 
the other pure modes, and has missed the subtle interactions between the pure modes (Wang 
and Guan 2012 Wang and Harvey 2012a and Wang and Harvey 2012b). The limitations have 
been reported many times and by several different researchers Hutchinson and Suo 1992 and 
Wang and Harvey 2012b among others. 
The Williams partition, denoted by IWG  and IIWG , is now reproduced here. Again, for 
consistency, the notation has been changed where appropriate to match the conventions in the 
rest of this thesis. 
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For the spalling case, taking the limit where  , gives 
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3.2.2. Second-order shear-thickness deformation beam theory 
Gordnian, Hadavinia, Mason and Madenci (2008) used a combined analytical and 
experimental method to determine the mode I fracture energy of angle-ply laminated 
composites. They used second-order shear-thickness deformation beam theory (SSTDBT) to 
model a DCB composed of three sections: upper and lower arms, and an intact region ahead 
of the crack tip. With this analytical model they could calculate the compliance of a DCB and 
therefore the energy release for a given configuration. The test configuration in question is a 
symmetric DCB with equal and opposite forces applied to the free ends of both the upper and 
lower arms. By taking the critical force from a number of these DCB tests in the literature, 
they could then calculate the respective critical ERRs. Their theoretical results were close to 
the experimental data. However, there were some discrepancies in a few places: for a ply 
angle of 30° SSTDBT underestimated the experimental compliance by between 25% and 
45%. In comparison with first-order shear-thickness deformation beam theory (FSTDBT), the 
SSTDBT underestimates the critical ERR by 12.5%. The SSTDBT results were also 
compared to the results of Moorthy and Reddy (1999), who calculated results using three 
different FEMs of VCCM, crack closure method (CCM) and potential energy change method 
(PECM), and were found to all be in agreement. This paper has shown that SSTDBT 
combined with the Irwin-Kies compliance equation can estimate the mode I fracture 
toughness and ERR for any angle-ply laminate. Although this method is more complicated 
than the model by Ozdil and Carlsson (1999), based on a classical beam theory that only 
gives the global response and only works on thin specimens, the SSTDBT method can give a 
complete solution of all the local displacements and stresses, it can also be used on thick 
specimens as it accounts for the shear and thickness deformation effects. It can also be 
applied for any type of laminate, and if the edge loads and support conditions are modified, it 
can then be used for other setups, such as ENF and MMB specimens. 
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3.2.3. Linear beam theory with shear 
Beghini, Bertini and Forte (2006) built on the work of Schon, Nymana, Blom and Ansell 
(2000) on the influence of fibre orientation to the mode II growth of delaminations. They 
performed and an ENF test and then used Linear Beam Theory with Shear (LBTS) in the 
analysis. They used load control, cycling the load very slowly to ensure the effects of loading 
become negligible. With the data collected they calculated the compliance and used LBTS to 
find the critical ERR. They then used an incremental polynomial method to find the fatigue 
delamination growth rate. The compliance found was in good agreement with the LBTS 
model. There were no noticeable differences of delamination for the different stacking 
orientations, however they recommended further work to confirm this. 
3.2.4. Beam theory and compliance calibration 
Krause, Tushtev, Koch, and Grathwohl (2013) performed DCB testing on woven carbon-
carbon composites. They then analysed the results with a number of techniques. The highest 
values for the mode I critical ERR came from the area method and the simple beam method. 
The lowest value came from a modified compliance calibration (MCC) method. The 
Timoshenko shear correction had an effect on small length cracks; this is due to the low 
interlaminar shear modulus of carbon-carbon. The MCC method gives more accurate values 
for the critical ERR than the other methods due to the non-linear behaviour of carbon-carbon 
composites. However, the authors recommend the area method for analysis of carbon-carbon 
composites, because this method can evaluate multiple cracks, although they recommend the 
MCC when only one crack appears. The authors also noted that once the initial crack stops, 
other interlaminar cracks start due to voids in interfaces adjacent to the initial crack plane. It 
was also noted that interlaminar crack branching can serve as a toughening mechanism, as the 
formation and propagation of these other cracks consume energy that would have otherwise 
gone into the initial crack. 
3.2.5. Combined experimental-numerical analyses 
Andersons, Tarasovs and Spārniņš (2010) investigated the stress concentration of a crack 
onset in a UD glass/epoxy composite in off-axis tension using finite fracture mechanics 
(FFM). FFM models use a different approach to FEM by applying crack extension by 
discrete, finite steps. The work in this paper looks into FFM comparing coupled stress and 
energy failure criterion against the analysis of crack onset at a stress concentration under 
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tensile loading to a UD glass/epoxy composite. The testing involved specimens of UD E-
glass/epoxy composites with a notch in the centre. The specimens were subjected to tensile 
loading until failure, due to unstable propagation along the fibre direction of a crack coming 
from the tip area of the notch, was observed. Significant fibre bridging was observed on the 
crack faces for all of the studied angles. The results of the experimental results gave 
reasonable agreement to the FFM model, which gave rather conservative results.  
Conroy, Sørensen and Ivankovic (2014) combined numerical and experimental techniques to 
investigate the mode-mixity in DCB specimens. Recent studies have suggested that the mode 
partition is a function of fracture process zone (FPZ) length, which increases as the crack 
propagates. Using UD carbon/epoxy specimens, a UBM apparatus and a DIC system, 
asymmetrical testing was undergone to compare several different partition theories. For each 
test, numerical modelling using Abaqus and the mode decomposed J-Integral once a steady 
state was reached. Unfortunately the CZM that Abaqus uses is not very accurate for mixed 
mode crack propagation. CZM uses special finite elements on the interface between plies that 
have variable stiffnesses related to the degree of opening (mode I) and shearing (mode II). As 
such, the numerical results here are only to be used as a rough prediction of the trend, as 
opposed to specific values. The numerical results are in agreement with previous findings, in 
which the correct partition lies between the Williams and Suo-Hutchinson theories. As mode 
II becomes dominant the partition lies closest to Williams, and when mode I is dominant Suo-
Hutchinson is the better partition. They conclude that the current analytical partition theories 
are not accurate in their current forms to predict the failure in asymmetrical specimens.  
Sarrado, Turon, Renart and Urresti (2012) assessed the energy dissipation of mixed-mode 
delamination growth using three different CZMs on a simulated MMB specimen. Different 
mixed-mode ratios and inter-laminar strengths were used. The first CZM used LEFM mixed-
mode ratios, used closed form LEFM solutions. The second was a local mixed-mode ratio, 
which is the value computed at the FPZ integration point, this method is dependent on the 
cohesive formulation. The final method was a global mixed-mode ratio, which is a new 
definition based on mode-decomposed strain EER found used the mode-decomposed J-
integral. The local definition is based on the cohesive formulations for each of the integration 
points. The global definition represents the mixed-mode ratios of the entire FPZ. When 
Abaqus was used for the modelling, it was found to incorrectly predict the dissipated energy 
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and associated load-displacement. However Ansys provided accurate numerical results for 
any value of interlaminar strengths. This is due to Abaqus’ ‘fictitious energy generation’ 
which leads to incorrect results. 
3.3. Other points of interest 
3.3.1. Multidirectional and unidirectional laminas 
In the last few years the effect of MD and UD plies has been investigated by various groups.  
Ozdil and Carlsson (1999) investigated the effect of MD and UD plies in glass fibre 
reinforced polymers (although they refer to them to as angle-ply, due to the angles being 0°, 
30° and 45°, they will be referred to here as MD and UD). They found a slight decrease in the 
initiation fracture toughness for the off-axis layups. As the crack length increased, so did the 
fracture toughness. This is due to effects such as fibre-bridging. They also noted that the 
shape of the crack changed from a straight line, to a curve. The shape of the crack increments 
continued to be similar to the curve of the second increment. This is due to the elastic 
coupling effects in the lamina. 
Prombut, Michel, Lachaud and Barrau (2006) were another group that investigated MD 
laminates. They did a number of tests on carbon/epoxy composites, including asymmetrical 
double cantilever beam (ADCB) and MMB on asymmetric laminates, avoiding DCB testing 
to avoid anticipated problems with intralamina damage at the interfaces of interest. They used 
a 0°/45° layup and recorded good results with a consistent plane of delamination through the 
test, a good crack front, no curvature of the specimen initially and no energy dissipated by 
global damage. They then analysed the results using FEM. They believe more work is needed 
at lower mode I ratios and pure mode II before a good criterion for delamination propagation 
at the 0°/45° interface can be developed. Once developed the criterion could be used to find 
the pure mode I fracture toughness 
Pereira and de Morais (2008) investigated MD and UD laminas with symmetric, quasi-
symmetric and asymmetric arms. They used carbon/epoxy composites with delamination 
initiated at the interfaces between 0°/0°, 45°/45° and 90°/90°, in DCB, ENF and MMB tests. 
They then partitioned the results using a virtual crack closure technique and a crack tip 
element in FEM where the element does not assume a singular field. Both modes gave very 
similar results for the MD specimens with quasi-symmetric legs, but there were differences 
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for specimens with asymmetric arms in the MMB tests. They noted that the critical ERR were 
not sensitive to the delamination interface and the specimens with asymmetric arms had 
similar values to the specimens with quasi-symmetric arms. The MMB results were almost 
entirely unaffected by differences in the specimens. The authors noted that the asymmetric 
specimens still had intra-ply damage and fibre-bridging. Although asymmetric specimens are 
useful for assessing beam theories and partitioning methods, the authors believe that they are 
not of much use or interest for interlaminar fracture testing. 
Carbon fibre reinforced polymers using bending testing for mixed-mode fracture, with 
several different layups, including MD and UD laminas were investigated by Naghipour, 
Schneider, Bartsch, Hausmann and Voggenreiter (2009). They noted that the mixed-mode 
fracture toughness of the MD laminas was 35% higher than the UD laminas. The authors 
noted that the MD laminas with the layers at 45° to each other are in themselves an extrinsic 
toughening mechanism, were much tougher due to the increased difficulty of the crack to 
propagate. Some energy is also absorbed as in-ply damage as the crack moves from one ply 
to an adjacent ply. This also adds to the total mixed-mode fracture toughness in the MD 
laminas. The UD laminas do not have this and, as such, the crack remains relatively straight.  
Peng, Xu, Zhang and Zhao (2012) investigated MD and UD laminas, with the main focus 
being on a 45°/-45° layup under MMB testing. They noted that the values for the fracture 
toughness of the propagation as well as the initiation were higher for high mixed-mode ratios 
and lower for low mixed-mode ratios.  
Sebaey, Blanco, Costa and Lopes (2012) tested multi-direction and UD carbon fibre 
reinforced polymers using a DCB. They managed to avoid the crack jumping by increasing 
the flexural stiffness of the DCB arms. They also noted that the values of fracture toughness 
were affected more by fibre bridging than by the angles between ply layers. They measured 
the extent of this and found that fibre-bridging was 47%, while the angle was only 29%. They 
observed the cracks under a microscope and found that the delaminations were not really 
interlaminar fractures, but fibre-tearing along the path of the propagating crack. The authors 
recommend more work to understand this phenomenon and its driving factors. 
Davidson, Gharibian, and Yu, (2000) tested a C12K/R6376 graphite/epoxy, which has 
relatively low toughness, using four different specimen types; UD 0/0 interface, MD 0/0 
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interface , MD 45/0 , 0/45 interfaces and MD ±45/∓ 45 interfaces. These specimens were 
tested using the DCB, ENF, MMB, symmetric single leg bending (SSLB), unsymmetric 
single leg bending (USLB), and unsymmetric end-notched flexure (UENF) mentioned earlier 
in Section 3.1.1. The results were then partitioned based on the singular field by Suo and 
Hutchinson from Harvard University, and a non-singular field theory by Davidson (the lead 
author) from Syracuse University New York. The singular-field results do not have great 
agreement with the fracture toughness data, while the non-singular-field theory, which is 
based on experimental data, works well in predicting mixed-mode fracture toughness. This 
paper will be looked at in greater detail in Section 4. 
Davidson, Bialaszewski, and Sainath, (2006) repeated very similar work to the Davidson et al. 
(2000) paper mentioned above, using T800H/3900-2 graphite/epoxy which has a relatively 
high toughness, rather than the low toughness C12K/R6376 graphite/epoxy. The data here 
showed excellent agreement with the linear midplane. This paper will also be looked at in 
greater detail in Section 4. 
Davidson et al. (1997) investigated a procedure to determine the mode mix of mode I/II 
delaminations that can be used to analyse different geometries and loadings in which all 
combinations give the same mode mix and the same toughness. The fracture testing included 
tests of midplane symmetric laminates with midplane delaminations as a special case using 
singular-field-based mode mix decomposition. Tests on other laminate types used crack tip 
element analysis. The testing used graphite/epoxy laminates and DCB, ENF, SSLB, MMB as 
well as the non-symmetric versions of these tests. All of the generated data is then examined 
using singular-field, finite element analysis, virtual crack closure technique and Williams 
(1988) global partition. The authors concluded that the singular-field method did not produce 
accurate predictions for delamination in certain materials and loadings, that the Williams 
(1988) global partition was ‘not universally applicable’, however the crack tip element was 
successful for these tests. 
3.3.2. Friction 
Sun, Li, Gu, Zhang, Li and Zhang (2013) studied interply friction in carbon fibre/epoxy 
prepreg materials and the effect of different processing conditions on the mechanism of the 
friction involved. They setup a system to access the friction in the prepreg plies, as well as 
the slipping behaviour, under various temperatures, pressures and pulling rates. They noted 
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two types of friction; Coulomb-dominated and hydrodynamic-dominated. An increase of 
temperature, or a decrease in pulling rate, changed the slipping behaviour from Coulomb-
dominated to hydrodynamic-dominated friction. However, they were unable to get any 
changes in slipping behaviour from variations in pressure. Upon a detailed look into the 
morphology and roughness of the prepreg surfaces, it was clear that the surface roughness has 
a profound effect on the slipping behaviour. The Coulomb-dominated friction meant higher 
levels of friction between the plies and does not contribute to prepreg deformation in the 
forming process. Hydrodynamic-dominated friction can be attained by circumventing 
manufacturing defects. 
3.3.3. Stiffer specimens 
Davidson, Waas and Yerramalli (2012) noted that it is possible to find the critical mixed-
mode ERR of a mixed-mode specimen, but harder to find the critical mode I or mode II ERR 
of the specimen as they might not have reached criticality at all. To deal with this, they 
increased the stiffness of the specimens. Here the specimens are much thicker than in normal 
testing. The authors noted that small increases in the ply-to-ply thickness did not have a large 
impact on the ERR. This technique removed the need for complex experimental and 
numerical methods, but is very limited if the specifications of the specimen cannot be 
changed. If the dimensions of the specimen cannot be changed, bonding stiffeners on the 
surfaces of the specimen will achieve the same effect. They also observed that both DCB and 
ENF tests are not particularly sensitive to the variations in the properties of a material, but are 
both highly sensitive to the variation in the bottom face sheet ply. 
3.3.4. R-curve 
Fracture energy ܩ௖ can be a function of crack length ܽ:  
  afGc   (98) 
This function is called the resistance curve, or, more-commonly, the ‘R-curve’. The R-curve 
is independent of the specimen geometry and the initial crack length. It is, however, usually 
dependent on the loading conditions, as described in Section 2.2.6. It also depends on the 
initiation fracture toughness, the steady-state fracture toughness and the crack length required 
to reach the fracture toughness steady-state (Suo, 2010). Figure 25 shows a typical R-curve 
(from Pereira and de Morais 2004), where ܽ଴ is initial crack length. At the initiation of crack 
 
3. Review of mixed-mode fracture testing 67 
 
growth, a sharp increase in fracture toughness is often observed. This sudden increase leads 
to various damage mechanisms in the area around the crack tip, for example, plastic 
deformation in the resin, fibre bridging, fibre breaking, the creation of new cracks and cracks 
jumping to different interfaces (Gong, Hurez and Verchery, 2010).  
 
Figure 25: Typical R-curves of 0°/0°, 0°/67.5° and 0°/90° specimens (Pereira and de Morais 
2004) 
Pereira and de Morais (2004) studied MD carbon/epoxy laminates using DCB testing and 
FEM analysis. They noted large amounts of fibre bridging in the 0°/ߠ° laminates (see Figure 
26). This fibre bridging accounts for the very high values of the fracture toughness (or critical 
ERR) which can be seen in the R-curves in Figure 25—almost four times greater than the 
initiation fracture toughness. Due to this fibre bridging, the authors reason that only the 
initiation values of the fracture toughnesses are accurate, and they refer to the steady state 
fracture toughness as having been ‘artificially high’. 
 
Figure 26: Fibre bridging on 0°/67.5° specimen (Pereira and de Morais 2004) 
 
3. Review of mixed-mode fracture testing 68 
 
Shokrieh, Zeinedini and Ghoreishi (2017) noted that most studies into delamination have 
focused on ERR or propagation states, yet no work had been done into the R-curve behaviour 
of composites. They set out to characterise the behaviour of R-curve in a full range of mixed 
mode I/II delamination of UD E-glass/epoxy. They also investigated the effect of adding 0.5 
wt% of multi-walled carbon-nano-tubes on ERR, propagation and fibre-bridging. The tests 
took place using a universal testing machine under load control, utilising the DCB, ENF and 
MMB tests. Modified beam theory was used to calculate the ERR, using the load 
displacement curve and the crack propagation recorded by use of a digital camera. With the 
data gathered by the testing, the authors plotted R-curves and applied quadratic fitted curve 
for the fibre-bridging zone and a linear curve for the stable propagation region. With this data 
they then proposed a formula for the R-curve of a system based on mode mixity. The authors 
observed that the specimens containing the multi-walled carbon-nano-tubes supressed the 
fibre-bridging effect in all mode mixities. 
 
3. Review of mixed-mode fracture testing 69 
 
3.4. Summary of partition theories 
 
Figure 27: Summary of partition theories 
Figure 27 summarises several of the different partition theories in the literature, including 
how they relate to each other. The grey boxes represent category headings. Each coloured 
box represents a partition theory. Boxes of the same colour are groups of partition theories 
that are consistent with each other under the same set of parameters, for example, Davidson 
et al.’s (1995,1997,2000) non-singular field partition theory is consistent with Wang and 
Harvey’s Euler beam partition theory, as shown in Section 4.3.1 (but only for a thickness 
ratios ߛ  between 3 and 1/3). Also, Wang and Harvey’s Euler beam partition theory is 
consistent with the singular-field partition theories (based on brittle cracks between 2D or 3D 
elastic layers), but only when the whole region mechanically affected by the presence of the 
crack tip is taken into account.  
 
Partition theories
Singular‐field 
partition theories
Suo and Hutchinson 
(1990): For orthotropic 
beams under bending 
moments and in‐plane 
forces. Mainly analytical 
but with a 2D FEM‐based 
parameter.
Wang and Qiao
(2004): Extension of 
Suo and Hutchinson 
(1990) for bimaterial 
beams with shear 
deformation.
Schapery and 
Davidson (1990): 
Beam/plate theory 
framework with a 2D 
FEM‐based parameter.
Wang and Harvey (2012‐
2017): For orthotropic 
bimaterial beams under 
general loading. Mainly 
analytical with a 2D FEM‐
based parameter.
Wang and Harvey 
(2012‐2017): ‘Global 
partition theory’. 
Completely analytical. 
Based on the whole 
region mechanically 
affected by the crack 
tip.
Non‐singular‐field 
partition theories
Williams (1988): 
Completely analytical. 
Partially based on Euler 
beams.
Luo and Tong (2009): 
Completely analytical.
Wang and Harvey (2012‐
2017): Completely 
analytical.
(2) Based on 
Timoshenko beam 
theory.
(1) Based on Euler 
beam theory.
Davidson et al.
(1995‐2000): 
Beam/plate theory 
framework with an 
experimentally‐based 
parameter for the 
mode mixity.
Bruno and Greco 
(2001): Completely 
analytical.
4. Preliminary assessment of 
partition theories 
4.1. Introduction 
Delamination is a major concern in the application of laminated composite materials and has 
attracted the attention of researchers for decades. Although delamination generally occurs as 
mixed-mode fracture with all three opening, shearing and tearing actions (i.e. mode I, II and 
III), 1D delamination has received more attention as it is simpler, still captures the essential 
mechanics, and also serves as a stepping stone towards the study of general mixed-mode 
delamination. The expression ‘1D delamination’ means that a delamination propagates in one 
direction with mode I and mode II action only. Examples of 1D delamination include 
through-width delamination in DCBs, and blisters in laminated composite plates and shells. A 
central task in studying 1D delamination is to partition the total ERR G  of a mixed-mode 
fracture into its individual mode I and II ERR components, that is, IG and IIG , which govern 
the propagation of the mixed-mode fracture. 
Several relatively well-known partition theories for beam structures are Williams’ partition 
theory (Williams 1988), Suo and Hutchinson’s partition theory (Suo and Hutchinson 1990 
Hutchinson and Suo 1992), Davidson et al.’s partition theories (Davidson, Hu and Schapery 
1995, Davidson et al. 1997 and Davidson, Gharibian and Yu 2000) and Wang and Harvey’s 
partition theories (Wang and Harvey 2012a, 2012b, Harvey and Wang 2012a, 2012b and 
Harvey, Wood, Wang and Watson 2014). All these theories assume a rigid crack interface, 
that is, they assume that no relative crack tip separation occurs before crack growth. Hence 
these theories effectively consider brittle fracture. It is worth noting that the assumption of a 
rigid crack interface has profound mechanical implications on mixed-mode partitioning. 
Some further points regarding this will be given later. Williams’ partition theory is based on 
Euler beam theory, and for rigid interfaces is applicable to midplane delamination in 
laminated UD composite beams only. It is often called the ‘global partition theory’. Suo and 
Hutchinson’s partition theory is based on 2D-elasticity theory and stress intensity factors and 
is applicable to both midplane delamination and offset delamination (i.e. not on the midplane) 
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in laminated UD composite beams. It is often called the ‘local partition theory’. Davidson et 
al.’s partition theories include a singular-field partition theory and a non-singular-field 
partition theory. Both theories are derived by using a combined analytical and numerical 
approach based on 2D elasticity with stress intensity factors. Experimental data is also used 
in the derivation of the non-singular-field partition theory (Davidson, Hu and Schapery 1995, 
Davidson et al. 1997 and Davidson, Gharibian and Yu 2000). Both are applicable to 
delamination in laminated composite beams with arbitrary through-thickness location and 
with arbitrary layup. Wang and Harvey’s partition theories include an Euler beam partition 
theory, a Timoshenko beam partition theory, and a partition theory for 2D elasticity. These 
theories are completely analytical and derived by discovering a fundamentally different and 
powerful methodology. Stress intensity factors are not used. All of them are applicable to 
delamination in laminated composite beams with arbitrary through-thickness location and 
with arbitrary layup. 
Which of the above partition theories can best complete the central task: to partition the total 
ERR G  into IG  and IIG , and in doing so, predict the fracture toughness? Only 
measurements from experimental tests are able to answer this question. Although there are 
numerous experimental investigations reported in literature, the ones in the following papers: 
Davidson et al. (1997), Davidson, Gharibian and Yu (2000), Davidson, Bialaszewski and 
Sainath (2006), Harvey and Wang (2012b), Hashemi, Kinloch and Williams (1990), Kinloch, 
Wang, Williams and Yayla (1993), Charalambides, Kinloch, Wang and Williams (1992), 
Hashemi, Kinloch and Williams (1991), may represent some of the most comprehensive and 
convincing. By using a linear failure locus (found to be a good approximation for the tested 
composite material), an experimental investigation for delamination in UD laminates is 
reported in Charalambides, Kinloch, Wang and Williams (1992) for the assessment of 
Williams’ partition theory and Suo and Hutchinson’s 2D-elasticity partition theory. The 
conclusion of those researchers was that the former agrees with the linear failure locus much 
better than the latter does. The experimental investigations reported by Davidson et al. (1997), 
Davidson, Gharibian and Yu 2000, Davidson, Bialaszewski and Sainath (2006), are for both 
UD and MD laminates. No specific failure locus is assumed, and instead a failure locus is 
experimentally determined in terms of the total critical ERR cG  and GGII /  by using the test 
data for midplane delamination in UD laminates. All the partition theories agree on this 
particular case and so the failure locus is reliably obtained. Then, the assessment of different 
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partition theories is made against this midplane failure locus for delamination at various 
through-thickness locations and with various layups. The experimental investigation in 
Davidson et al. (1997) assesses Williams’ partition theory and Davidson et al.’s 2D-elasticity 
singular field and non-singular-field partition theories. Quoting from Davidson et al. 1997, 
the conclusions are: (1) “a singular-field-based definition of mode mix will not produce 
accurate delamination growth predictions for certain composite materials and loadings”; (2) 
“an alternative definition of mode mix, originally developed by Williams and successfully 
applied to other composite systems (Kinloch, Wang, Williams and Yayla 1993, 
Charalambides, Kinloch, Wang and Williams 1992 and Hashemi, Kinloch and Williams 
1991), is not universally applicable”; (3) the non-singular-field partition theory “would 
appear to be more appropriate than the classical approach for many current continuous fibre 
composites.” Even more comprehensive experimental assessments are given in Davidson, 
Gharibian and Yu (2000) and Davidson, Bialaszewski and Sainath (2006) for Davidson et 
al.’s 2D-elasticity singular-field partition theory and non-singular-field partition theory, 
including results from various finite element simulations. A large number of UD and MD 
laminates are tested in different bending and tension configurations. The assessment 
methodology is the same as that in the study (Davidson et al. 1997), that is, a failure locus is 
experimentally determined in terms of the total critical ERR cG  and GGII /  by testing UD 
laminates with midplane delamination. Different partition theories are then assessed against 
this failure locus using test specimens with delamination at various through-thickness 
locations and with various layups. The assessment concluded that Davidson et al.’s 2D-
elasticity non-singular-field partition theory provides highly accurate delamination growth 
predictions for a variety of laminate layups and loadings. Conversely, the 2D-elasticity 
singular-field partition theory is shown to have relatively poor accuracy. 
Recently, the authors have made a detailed experimental assessment Harvey and Wang 
(2012b) of Williams’, Suo and Hutchinson’s, and Wang and Harvey’s partition theories using 
the same methodology and test data as that used in the study in Charalambides, Kinloch, 
Wang and Williams (1992). It was shown that the predictions from Wang and Harvey’s Euler 
beam partition theory have the best agreement with the linear failure locus that was originally 
suggested for the composite material in question, following it extremely closely. The 
predictions from Wang and Harvey’s partition theories for Timoshenko beams and for 2D 
elasticity, and from Suo and Hutchinson’s 2D-elasticity partition theory, are far away from 
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the failure locus, and Williams’ partition theory performs much better than them. The very 
latest work, Conroy, Sørensen and Ivankovic (2014), on the topic is also highly regarded. The 
same assessment methodology to that used in Davidson et al. (1997) Davidson, Gharibian 
and Yu (2000) and Davidson, Bialaszewski and Sainath (2006), is used (see above). It is 
shown that Wang and Harvey’s Euler beam partition theory and Davidson et al.’s non-
singular-field partition theory have similar performance. Although the authors conclude that 
none of the current analytical partition theories “are able to predict failure in asymmetric 
composite laminates”, the data presented in the paper shows that both Davidson et al.’s non-
singular-field partition theory and Wang and Harvey’s Euler beam partition theory actually 
show quite reasonable agreement with the midplane failure locus. 
In conclusion, from these four independent assessments it appears that both Wang and 
Harvey’s Euler beam partition theory and Davidson et al.’s non-singular-field partition 
theories provide the best ERR partitions, IG  and IIG , which govern the growth of 
delamination. These two partition theories, however, are derived from very different 
approaches. The former is based on Euler beam theory and is derived completely analytically, 
while the latter is based on 2D-elasticity theory and is derived using a combined analytical, 
numerical and experimental approach. A detailed explanation is given in Harvey and Wang 
(2012b) for why Wang and Harvey’s Euler beam partition theory agrees so well with the test 
data and for why it must correctly capture the underlying mechanics. To summarise the 
explanation in Harvey and Wang (2012b), it appears that the brittle nature of delamination 
growth on a rigid interface is governed by global ERR partitions. ‘Global partitions’ are those 
calculated over the whole length of the interface that is mechanically affected by the crack tip 
(Wang and Harvey 2012a, 2012b, Harvey and Wang 2012a, 2012b). Note that ‘global’ in this 
context has a different meaning to when it is used to describe Williams’ partition theory, 
which as explained above, is often described as global. Using global ERR partitions, both 
Wang and Harvey’s Timoshenko beam and 2D-elasticity partition theories converge to Wang 
and Harvey’s Euler beam partition theory. The same is true for partitions obtained globally 
from FEM simulations (Harvey and Wang 2012b). Williams’ partition theory is in fact a 
partially-global partition theory (this will be explained later). This explains why it performs 
much better in the assessment in Harvey and Wang (2012b) than the other partition theories 
except for Wang and Harvey’s Euler beam partition theory. Now, it is reasonable to speculate 
that Davidson et al.’s 2D-elasticity non-singular-field partition theory approaches to Wang 
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and Harvey’s Euler beam partition theory by introducing the mode mix parameter   which 
is obtained with the aid of experimental data. The present work aims to assess these two 
theories thoroughly using the experimental data in Davidson, Gharibian and Yu (2000) and 
Davidson, Bialaszewski and Sainath (2006), and to explore their connections. 
The structure of the paper is as follows. The two partition theories are briefly given in Section 
4.2. In Section 3, data from the experimental tests described in Davidson, Gharibian and Yu 
(2000) and Davidson, Bialaszewski and Sainath (2006) is analysed using the two partition 
theories. Finally, conclusions are given in Section 4.4. 
4.2. Mixed-mode partition theories 
4.2.1. Wang and Harvey’s Euler beam partition theory 
Wang and Harvey’s partition theories are for 1D fractures in straight beams and 
axisymmetric plates made of either isotropic or laminated composite materials. Full details of 
the theories are given in: Wang and Harvey (2012a), (2012b), Harvey and Wang (2012a), 
(2012b). Only a brief introduction is given in this paper for a laminated composite DCB as 
shown in Figure 28a with its associated geometry and DCB tip bending moments and axial 
forces. Figure 28b shows the two bending moments and two axial forces at the crack tip at 
location B.  
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Figure 28: A DCB: (a) General description; (b) Crack tip forces 
The total ERRG is calculated as follows (Wang and Harvey 2012a and Harvey and Wang 
2012a): 
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The symmetric coefficient matrix of quadratic form given in Eq (99) is 
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where symmetrical terms are denoted by ‘…’. 
The total ERR G  is of quadratic form in terms of the crack tip moments and forces BM1 , 
BM 2 , BN1  and BN2 . The extensional, coupling and bending stiffnesses are denoted by A , B  
and D  respectively. The range of i  is 1- 2, which refers to the upper and lower arms 
respectively. No subscript is used for the intact part of the laminate. 1A  is therefore the 
extensional stiffness of the upper beam and A  is the extensional stiffness of the intact part of 
the laminate, etc. Note that these quantities take different values under the plane-strain 
assumption from those under the plane-stress assumption; however, there is no difference 
between the two assumptions in the following development. 
According to Wang and Harvey’s Euler beam partition theory (Harvey and Wang 2012b), the 
mode I and II components of the total ERRG , denoted by IEG  and IIEG  respectively, are 
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where IEc  and IIEc  are two constants, and  ii  ,  and  ii  ,  represent the two sets of 
orthogonal pure modes where the range of i  is from 1 to 3. For example, when BB MM 112   
and 021  BB NN , pure mode I occurs because the relative shearing displacement just 
behind the crack tip is zero. This pure-mode-I mode is denoted by 1 . Its orthogonal pure-
mode-II mode is 1 , which corresponds to zero crack tip opening force. Here, the 
mathematical meaning of ‘orthogonal’ is 
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     0001001 11 TC   (105) 
For simplicity, Eq. (75) can be written as ߠଵ ൌ orthogonalሺߚଵሻ . Similarly, when 
BB MM 112   and 021  BB NN , pure mode I occurs because the crack tip shearing force is 
zero. This pure-mode-I mode is denoted by 1 . Its orthogonal pure-mode-II mode is 1  , 
which corresponds to zero crack tip opening displacement. An important feature of the pure 
modes from Euler beam theory is that the two sets of pure modes do not necessarily coincide. 
For example, the 1  pure-mode-I mode corresponds to zero relative shearing displacement 
but with non-zero crack tip shearing stress. Also, the 1  pure-mode-II mode corresponds to 
zero opening crack tip stress but with non-zero crack tip relative opening displacement. These 
characteristics arise from the rigidity of the interfaces and result in ‘stealthy interaction’ 
(Wang and Harvey 2012a, 2012b, Harvey and Wang 2012a, 2012b) between the i  pure-
mode-I modes and the i  pure-mode-II modes. Eq. (105) shows that the interaction between 
the 1  pure-mode-I mode and the 1  pure-mode-II mode produces zero net ERR due to their 
orthogonality; however, this does not mean there is no interaction between them. In fact, 
interactions do exist between them as shown by Eqs. (103) and (104). The crack tip opening 
stress in the i  pure-mode-I mode does work on the non-zero opening displacement in the i  
pure-mode-II mode while the non-zero crack tip shearing stress in the i  pure-mode-I mode 
does work on the shearing displacement in the i  pure-mode-II mode. These interactions 
change the mode I and II ERR partitions and are called ‘stealthy interaction’ in Wang and 
Harvey (2012a), (2012b), Harvey and Wang (2012a), (2012b) because they produce zero net 
ERR and their action is not immediately obvious. 
In Timoshenko beam theory the two sets of pure modes coincide on the first set resulting in 
no stealthy interaction. It is worth noting that when ERR is calculated using the whole length 
of the interface that is mechanically affected by the crack tip, numerical simulations show 
that Euler beam, Timoshenko beam and 2D elasticity partitions are the same as that of Euler 
beam partitions in Eqs. (103) and (104), hence, the Euler beam partitions are also called 
global partitions.  
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It is important to note that the orthogonal property demonstrated in Eq. (105) exists between 
any pair of pure modes in the first set of pure modes  ii  , , that is,  i orthogonal  i . 
This property also applies to any pair of pure modes in the second set of pure modes  ii  , , 
that is, ߠଵᇱ ൌ orthogonalሺߚଵᇱሻ. Therefore, as long as one pure mode from each set, say 1  in 
the first set and 1   in the second set, is found then the others can be determined using 
orthogonal condition in Eq. (75). The details of IEc , IIEc ,  ii  ,  and  ii  ,  are given in 
Section  3.2.1. It is also worth noting that the two sets of pure modes  ii  ,  and  ii  ,  
coincide at the first set for non-rigid interfaces, even in Euler beam theory Wang, Harvey and 
Guan (2013). 
Eqs. (103) and (104) are easily reduced for isotropic materials. A thickness ratio 12 hh  is 
now introduced. The partitions become 
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where  
 BBBe NNN 211   (108) 
The details of IEc , IIEc ,  ii  ,  and  ii  ,  are given in Section 3.2.1. Williams’ partition 
theory only uses the  11,    pure-mode pair in Eqs. (106) and (107) to partition a mixed-
mode crack in a DCB with bending moments at the crack tip BM1  and BM 2 . That is why it is 
only applicable when 1  (for rigid interfaces) and why it is also a partially-global partition 
theory. Eqs. (103), (104), (106) and (107) give the full global partition theory. 
4.2.2. Davidson et al.’s 2D-elasticity non-singular-field partition theory 
Davidson et al.’s non-singular partition theory, which is based on 2D elasticity, is given by 
the following formula: 
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where cN  and cM  are the concentrated crack tip force and moment respectively. Details of 
all the quantities in Eq. (109) can be found earlier and are not reproduced here; however, 
giving the details of  , which is called the ‘mode mix parameter’, is worthwhile. 
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Note that   in Eq. (110) is given by   10log . The mode mix parameter   is determined 
with the aid of experimental data. 
4.3. Assessment 
As far as the authors’ knowledge is concerned, the work in Davidson et al. (1997), Davidson, 
Gharibian and Yu (2000) and Davidson, Bialaszewski and Sainath (2006), represents some of 
the most comprehensive and thorough experimental test data available for the study of 
interfacial delamination toughness in generally laminated composite beams. As stated earlier 
in the Introduction, the present work aims to assess the relative performances of Wang and 
Harvey’s Euler beam partition theory and Davidson et al.’s non-singular-field partition theory 
as they have been identified as the best performers in several different experimental 
assessment exercises (Davidson et al. 1997, Davidson, Gharibian and Yu 2000, Davidson, 
Bialaszewski and Sainath 2006, Harvey and Wang 2012b and Conroy, Sørensen and 
Ivankovic 2014). The same format as in Davidson et al. (1997), Davidson, Gharibian and Yu 
(2000) and Davidson, Bialaszewski and Sainath (2006) is followed. Three groups of test 
specimens are considered, namely, UD specimens, constrained unidirectional specimens 
(CUD) and MD specimens. Three partition approaches are compared. They are Wang and 
Harvey’s Euler beam partition theory, Davidson et al.’s non-singular-field partition theory, 
and FEM simulation based on 2D elasticity to obtain the singular-field partition. The partition 
results from the latter two are mostly just reproduced from the work in Davidson, Gharibian 
and Yu (2000) and Davidson, Bialaszewski and Sainath (2006), with two exceptions which 
are noted later. The readers are referred to Refs. Davidson, Gharibian and Yu (2000) and 
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Davidson, Bialaszewski and Sainath (2006), for the full details. Two sets of graphite/epoxy 
laminates are considered. They are C12K/R6376 of low toughness and T800H/3900-2 of high 
toughness. The UD material properties from Davidson, Gharibian and Yu (2000) and 
Davidson, Bialaszewski and Sainath (2006) are reproduced in Table 1. Note that, as in 
Davidson, Gharibian and Yu (2000) and Davidson, Bialaszewski and Sainath (2006), the 
experimentally-determined flexural modulus f1E  is used to calculate the laminate stiffnesses 
in place of the manufacturer-quoted 11E . 
Table 1: UD material properties (Davidson, Gharibian and Yu 2000 and Davidson, 
Bialaszewski and Sainath 2006) 
 C12K/R6376 graphite/epoxy T800H/3900-2 graphite/epoxy 
11E  (GPa) 146.86 154.72 
22E , 33E  (GPa) 10.62 7.58 
12 , 13  (GPa) 5.45 4.27 
23  (GPa) 3.99 2.88 
12 , 13 , 23  0.33 0.32 
f1E  (GPa) 114.15 143.13 
 
4.3.1. Unidirectional specimens 
UD specimens made from C12K/R6376 material with midplane and offset delaminations are 
considered in this sub-section. The results are shown in Table 2 and Figure 29.  
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Table 2: Fracture toughness of midplane and offset delaminations in UD laminates made 
from C12K/R6376 (Davidson, Gharibian and Yu 2000) 
    Calculated partition, GGII    
Test 21 nn  12
hh
** 12
MM  SF Davidson et al. Euler 
 N/m cG   N/m   error 
DCB 16/16 1.00 -1.00 0.00 0.00 0.00 341 12 
SSLB 16/16 1.00 0.00 0.40 0.43 0.43 438 34 
ENF 16/16 1.00 1.00 1.00 1.00 1.00 1284 196 
MMB* 12/12 1.00 -0.23 0.21 0.23 0.23 352 46 
MMB* 12/12 1.00 0.01 0.40 0.44 0.44 438 34 
MMB* 12/12 1.00 0.21 0.61 0.64 0.64 529 86 
MMB* 12/12 1.00 0.44 0.80 0.83 0.83 727 51 
MMB* 12/12 1.00 0.59 0.91 0.92 0.92 1060 178 
MMB* 12/12 1.00 1.00 1.00 1.00 1.00 1284 196 
USLB 8/24 2.94 0.00 0.34 0.18 0.15 353 38 
USLB 12/20 1.67 0.00 0.36 0.28 0.28 395 17 
USLB 20/12 0.60 0.00 0.43 0.60 0.58 521 24 
USLB 24/8 0.34 0.00 0.49 0.73 0.73 697 47 
UENF 25/5 0.21 0.02 (0.004) 0.72 0.92 0.91 893 52 
UENF 20/10 0.50 0.17 (0.10) 0.89 0.99 0.96 1130 70 
UENF 20/12 0.58 0.24 (0.18) 0.93 0.99 0.98 1259 65 
* 24-ply UD MMB laminates, ply thickness mm 155.0pt (for all other UD laminates, ply thickness 
mm 146.0pt ) 
** These thickness ratios refer to the actual average thickness ratio as measured from the test specimens 
 
Note that in Table 2, the column 12 / MM  represents the bending moment ratio applied to the 
upper and lower arms. Also in Table 2 and in other tables and figures in this chapter, “SF” 
denotes singular-field based results. For the UENF specimens with Wang and Harvey’s Euler 
beam partition theory, contact has to be considered and this will slightly modify the actual 
bending moment ratio at the crack tip, and these are the additional values that are given in 
brackets. Details of the contact calculation can be found in Wang and Harvey (2012b) and 
Harvey and Wang (2012a). 
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Figure 29: Fracture toughness of midplane and offset delaminations in UD laminates made 
from C12K/R6376 
As expected, all three partition approaches give largely identical partition results for 
midplane delaminations. By using these results, a failure locus is experimentally determined 
in terms of the total critical ERR cG  and the partition GGII  and this is shown in Figure 29 
as the solid piecewise straight line. The error bars show plus/minus one standard deviation 
from each data point based on Davidson et al.’s testing of at least five specimens for each test 
(Davidson, Gharibian and Yu 2000 and Davidson, Bialaszewski and Sainath 2006). Up to 
plus/minus one standard deviation of the failure locus is also shown by the shadowed area. 
The different partition theories are assessed against this failure locus for offset delamination. 
It is seen that Wang and Harvey’s Euler beam partition theory and Davidson et al.’s non-
singular-field partition theory again give largely identical partition results and agree very well 
with the failure locus; however, the singular-field partition results are generally not in good 
agreement with this failure locus. 
It is surprising to see the excellent—almost identical—agreement between Wang and 
Harvey’s Euler beam partition theory and Davidson et al.’s non-singular-field partition theory, 
because the former is derived completely analytically, and the latter is derived with the aid of 
experimental work. In order to investigate this observation further, Figure 30 shows the 
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difference between the partitions GGII /  from both partition theories over a range of bending 
moment ratios, BB MM 12 , and thickness ratios,  1log10 . Within the range 331   , or 
with reference to Eq. (110), the range 468.0468.0   , the two approaches are 
approximately identical, which is strong support for the theoretical basis behind Wang and 
Harvey’s Euler beam partition theory. Cross data markers for each UD specimen test point 
 ,12 BB MM  tested in Davidson, Gharibian and Yu (2000) are also overlaid onto Figure 30. 
It is interesting to note that every test point lies in the region where there is excellent 
agreement between the two partition theories. This begs the question, outside of the region 
331   , which theory is better? Although this is not conclusive, the data presented in 
Conroy, Sørensen and Ivankovic (2014), shows that Wang and Harvey’s Euler beam partition 
theory agrees well with the experimental measurements when 31  and much better than 
Davidson et al.’s non-singular-field partition theory. 
 
Figure 30: Difference between GGII  from Wang and Harvey’s Euler beam partition theory 
and Davidson et al.’s partition theory with overlaid test points for UD beams 
4.3.2. Constrained unidirectional specimens 
CUD specimens made from C12K/R6376 material are considered in this sub-section with 
midplane and offset delaminations. The specimen layups are given at the bottom of Table 3 
and the partition results are shown in Table 3 and Figure 31. 
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Table 3: Fracture toughness of midplane and offset delaminations in CUD laminates made 
from C12K/R6376 
     Calculated partition, GGII    
Test 21 nn  12 hh  Stacking sequence 12 MM  SF 
Davidson 
et al. Euler 
 N/m cG   N/m   error 
DCB 16/16 1.00 A -1.00 0.00 0.00 0.00 336 20 
SSLB 16/16 1.00 A 0.00 0.39 0.43 0.43 378 35 
ENF 16/16 1.00 A 1.00 1.00 1.00 1.00 1220 46 
USLB 12/20 1.67 B 0.00 0.34 0.28 0.28 355 37 
USLB 20/12 0.60 C 0.00 0.42 0.60 0.58 511 21 
UENF 20/12 0.60 C 0.22 (0.22) 0.93 0.97 1.00 976 94 
Stacking sequence (ply thickness mm 159.0pt ): 
A :  s10 d/0/10/15/0/15/10/0   
B :       43 0/15/0/0/15/0/d/0/15/0   
C :       34 0/15/0/0/15/0/d/0/15/0   
 
It is seen that the partition results from the three approaches are largely the same as their 
counterparts in the UD specimen. That is, the addition of the 015 angle plies, sandwiching 
the two 00 fracture layers, has negligible effect on the partition; however, the fracture 
toughness has some changes. Some are significant. For example, the toughness of UD UENF 
20/12 in Table 2 is 1259 N/m while the toughness of CUD UENF 20/12 in Table 3 is 
976 N/m. Wang and Harvey’s Euler beam partition theory and Davidson et al.’s non-
singular-field partition theory both agree well with the failure locus, except for the UENF 
specimen. It is noted that the singular-field partition approach has similar performance to that 
observed for the UD specimens in Table 2 and Figure 29. 
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Figure 31: Fracture toughness of midplane and offset delaminations in constrained UD 
laminates made from C12K/R6376 
4.3.3. Multidirectional specimens 
MD specimens made from C12K/R6376 material are considered in this sub-section with 
offset delaminations. The specimen layups are given at the bottom of Table 4 and the 
partition results are shown in Table 4 and Figure 32. 
Table 4: Fracture toughness of midplane and offset delaminations in MD laminates made 
from C12K/R6376 
     Calculated partition, GGII    
Test 21 nn  12 hh  Stacking sequence 12 MM  SF 
Davidson 
et al. Euler 
 N/m cG   N/m   error 
USLB 8/24 3.00 D 0.00 0.18 0.10 0.14 376 48 
USLB 24/8 0.33 D 0.00 0.63 0.80 0.72 757 43 
USLB 12/24 2.00 E 0.00 0.23 0.20 0.23 341 29 
USLB 24/12 0.50 E 0.00 0.57 0.68 0.63 680 40 
UENF 24/12 0.50 E 0.17 (0.14) 0.95 0.99 0.99 1139 133 
USLB 12/24 2.00 F 0.00 0.38 0.35 0.24 511 32 
USLB 24/12 0.50 F 0.00 0.44 0.56 0.65 682 40 
UENF 24/12 0.50 F 0.11 (0.06) 0.81 0.93 0.94 1061 26 
Stacking sequence (ply thickness mm 152.0pt ): 
D :       ss2s 90/45/0/45/90/0/45/0/90/45/d/45/900/    
E :     ss22 0/45/45/0/d/45/0/45/45/0/45    
F :     45/0/45//d45/0/45 8s8    
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The partition results from singular-field partition approach are still in poor agreement with 
the failure locus. The partition results from Wang and Harvey’s Euler beam partition theory 
and Davidson et al.’s non-singular-field partition theory have significant differences. 
Although they are both still in a better agreement with the failure locus than the singular field 
approach, the agreement is not as good as that seen for the UD and CUD specimens. 
 
Figure 32: Fracture toughness of midplane and offset delaminations in MD laminates made 
from C12K/R6376 
Two test configurations in particular are far from the failure locus: (1) for the USLB 12/24 
specimen with layup F, the partitions obtained from both partition theories are far beyond one 
standard deviation away from the mean value. (2) For the USLB 24/12 specimen with layup 
F, the partition result from Davidson et al.’s non-singular-field partition theory is also far 
beyond one standard deviation away. The following three possible causes are explored: 
(1) Errors in the experiments. The experimental work in Davidson, Gharibian and Yu (2000) 
and Davidson, Bialaszewski and Sainath (2006) is some of the most comprehensive and 
thorough reported in literature so far, and as stated in these references, the aim was to obtain 
the most accurate results. Each test was repeated at least five times. From Table 4, it is seen 
that one standard deviation of the fracture toughness is only about 6% of the total fracture 
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toughness for both specimens; therefore, significant errors in the experiments can be 
discounted. 
(2) Effect of layup on the accuracy of the partition theory—Does either of the partition 
theories work correctly for MD layups? To show the effect of the layup on each partition 
theory, the partition results for offset delamination in all the specimens in Table 2, Table 3 
and Table 4 for the loading case 0/ 12 MM  are collected together in Table 5.  
Table 5: Fracture toughness of offset delaminations under the loading case 0/ 12 MM  
(Davidson, Gharibian and Yu 2000 and Davidson, Bialaszewski and Sainath 2006) 
    Calculated partition, GGII    
Test 21 nn  12 hh  Stacking sequence SF 
Davidson et 
al. Euler 
 N/m cG   N/m   error 
USLB 8/24 3.00 D 0.18 (0.16) 0.10 (0.09) 0.14 (0.14) 376 (951) 48 (85) 
USLB 8/24 2.94 UD 0.34 0.18 0.15 353 38 
USLB 12/24 2.00 E 0.23 (0.21) 0.20 (0.19) 0.23 (0.23) 341 (1024) 29 (55) 
USLB 12/24 2.00 F 0.38 0.35 0.24 511 32 
USLB 12/20 1.67 UD 0.36 0.28 0.28 395 17 
USLB 12/20 1.67 B 0.34 0.28 0.28 355 37 
USLB 20/12 0.60 UD 0.43 0.60 0.58 521 24 
USLB 20/12 0.60 C 0.42 0.60 0.58 511 21 
USLB 24/12 0.50 E 0.57 (0.59) 0.68 (0.69) 0.63 (0.62) 680 (1419) 40 (145) 
USLB 24/12 0.50 F 0.44 (0.46) 0.56 (0.55) 0.65 (0.65) 682 (1526) 40 (21) 
USLB 24/8 0.34 UD 0.49 (0.49) 0.73 (0.73) 0.73 (0.73) 697 (1807) 47 (91) 
USLB 24/8 0.33 D 0.63 (0.64) 0.80 (0.81) 0.72 (0.72) 757 (1624) 43 (34) 
USLB* 18/6 0.33 UD (0.48) (0.73) (0.73) (1682) (166) 
* For this specimen only, ply thickness mm 182.0pt , otherwise see Tables 2, 3, 4 and 6. 
 
Note that the results in the brackets are from Table 6 for the second set of MD specimens in 
Davidson, Bialaszewski and Sainath (2006) as well as the two USLB UD specimens in this 
same reference, made from T800H/3900-2 graphite/epoxy. These will be discussed shortly. 
Specimens of different layups are grouped according to the thickness ratio . It is seen that 
the partition results from Wang and Harvey’s Euler beam partition theory are almost 
independent of layup and material properties, and only depends on the thickness ratio  . The 
partition results from Davidson et al.’s non-singular-field partition theory and the singular-
field approach are both insensitive to material properties; however, they both depend on the 
layup and the thickness ratio  . It is more important however to note that each group of 
specimens made from the same material have similar fracture toughness except for the 12/24 
USLB specimen with layup F, which is made from C12K/R6376 material. This observation 
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strongly suggests that Wang and Harvey’s Euler beam partition theory provides the correct 
partition and is more accurate than the other two approaches. In order to confirm this 
suggestion the third possible cause needs to be explored. 
Table 6: Fracture toughness of midplane and offset delaminations in MD laminates 
T800H/3900-2 (Davidson, Bialaszewski and Sainath 2006) 
     Calculated partition, GGII    
Test 21 nn  12 hh  Stacking sequence 12 MM  SF 
Davidson 
et al. Euler 
 N/m cG   N/m   error 
USLB 8/24 3.00 D 0.00 0.16 0.09 0.14 951 85 
USLB 12/24 2.00 E 0.00 0.21 0.19 0.23 1024 55 
USLB 24/12 0.50 F 0.00 0.46 0.55 0.65 1526 21 
USLB 24/12 0.50 E 0.00 0.59 0.69 0.62 1419 145 
USLB 24/8 0.33 D 0.00 0.64 0.81 0.72 1624 34 
UENF 24/12 0.50 F 0.10 (0.07) 0.87 0.89 0.96 1954 31 
UENF 24/12 0.50 E 0.17 (0.15) 0.97 0.99 0.99 1926 51 
Stacking sequence (ply thickness mm 179.0pt ): 
D :       ss2s 90/45/0/45/90/0/45/0/90/45/d/45/900/    
E :     ss22 0/45/45/0/d/45/0/45/45/0/45    
F :     45/0/45//d45/0/45 8s8    
 
(3) Effect of the different fracture toughness values, IcG  and IIcG , between two different 
crack interfaces, for example, 0/0  vs. 45/0 . It is obvious that if the fracture toughness 
values IcG  and IIcG  of the angle ply interfaces in the MD specimens are different from that 
of the UD specimens, even the correct partition results for MD specimens will not agree well 
with the failure locus determined from the midplane UD specimens. 
In order to purely assess the accuracy of partition theories without influence of the third 
possible cause, the second set of MD specimens (Davidson, Bialaszewski and Sainath 2006), 
which are made from T800H/3900-2 graphite epoxy material, is considered. Since the 
material has high toughness, it is expected that an angle ply interface and a UD ply interface 
should have approximately the same fracture toughness values, IcG  and IIcG . It is then 
reasonable to assume that the two interfaces have the same failure locus. Therefore, the 
correct partition should produce the same failure locus. Thus the effect of the difference 
between the fracture toughness values IcG  and IIcG  from two different interfaces can be 
eliminated. The second set of MD specimens (Davidson, Bialaszewski and Sainath 2006) 
have the same layups as those from the first set in Table 4. The partition results are given in 
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Table 6 and Figure 33. The straight line in Figure 33 is the failure locus obtained from UD 
midplane delamination tests. As the test results fall almost exactly on the line, they are not 
plotted on the figure for clarity. It is impressive to see that partition results from Wang and 
Harvey’s Euler beam partition theory for the MD specimens fall almost exactly on the line 
except for the 24/12 USLB specimen with layup E. This test however has a large standard 
deviation for its fracture toughness measurements. Davidson, Bialaszewski and Sainath (2006) 
says that there may have been some errors in the testing of this specimen. Overall, this data 
for the second set of MD specimens clearly shows that Wang and Harvey’s Euler beam 
partition theory is likely to be the most accurate one. It is also noted that both Davidson et 
al.’s non-singular-field partition theory and the singular field approach have better agreement 
with the failure locus than they do for the first set of MD specimens in Table 4 and Figure 32. 
 
Figure 33: Fracture toughness of midplane and offset delaminations in MD laminates 
T800H/3900-2 (Davidson, Bialaszewski and Sainath 2006) 
We therefore conclude that the relatively poor performance of the three approaches for the 
first set of MD specimens with low toughness is due to difference between the fracture 
toughness values, IcG  and IIcG , for angle ply and UD ply interfaces. To explore this point 
further, Figure 29 is redrawn in the form of IG  vs. IIG  in Figure 34. It is seen that a linear 
failure locus is a good approximation for the midplane delamination of UD specimens. The 
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linear failure loci for offset delamination from both Wang and Harvey’s Euler beam partition 
theory and Davidson et al.’s non-singular-field partition theory are also plotted. The former 
almost exactly coincides with the midplane failure locus and the latter agrees very well. 
Based on this observation, it is assumed that the angle ply interfaces in the MD specimens in 
Table 4 and Figure 32 also have linear failure locus. It is shown in Figure 34 for the MD 
specimens with layup F (the layup with the worst agreement), that the value of IcG  is over 
400 N/m, which is considerably larger than that of the UD one. This further supports the 
conclusion above. 
 
Figure 34: Mixed-mode failure loci for laminates made from C12K/R6376 with a UD layup 
and with MD layup F (Davidson, Gharibian and Yu 2000) 
4.4. Conclusions 
By using some of the most comprehensive and thorough experimental test data to be found in 
the literature Davidson, Gharibian and Yu (2000) and Davidson, Bialaszewski and Sainath 
(2006), three approaches to partitioning a mixed mode are assessed. They are: (1) Wang and 
Harvey’s Euler beam partition theory; (2) Davidson et al.’s non-singular-field partition theory; 
and (3) finite element simulation based on 2D elasticity to obtain the singular-field partition. 
Wang and Harvey’s Euler beam partition theory is derived completely analytically while 
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Davidson et al.’s non-singular-field partition theory is derived with the aid of experimental 
test results. 
Wang and Harvey’s Euler beam partition theory has excellent agreement with experimental 
test results and gives very accurate predictions of interfacial fracture toughness laminated 
composite beams with arbitrary layups, various thickness ratios and various loading 
conditions. It is a very valuable theory for academic research of fracture and fatigue of 
advanced materials. Furthermore, it can play a very valuable role in the design of engineering 
structures made of layered materials. 
Davidson et al.’s non-singular-field partition theory has excellent agreement with 
experimental test results and with Wang and Harvey’s Euler beam partition theory (inside the 
range 331   ) for UD laminated composite materials. Its accuracy is very good for MD 
laminated composite beams; however, it has been observed and argued that overall Wang and 
Harvey’s Euler beam partition theory offers improved accuracy. In general, the singular-field 
approach based on 2D elasticity and the FEM give poor predictions. 
Finally, it is worth noting that different fracture toughness values, IcG  and IIcG , for angle ply 
and UD ply interfaces result in different failure loci. Therefore care has to be taken when 
making comparisons between the two in order to compare like with like. 
Note: A journal article has been published based on this chapter: Harvey, C.M. Eplett, M.R. 
and Wang, S. (2015), ‘Experimental assessment of mixed-mode partition theories for 
generally laminated composite beams’, Composite Structures, 124, 10–18. It was also 
presentenced at the 18th International Conference on Composite Structures in Lisbon, June 
2015. 
 
5. Fracture toughness testing 
methodology 
5.1. Development of the UBM test 
The aim of this work was to further develop upon the UBM test described by Sørensen  et al. 
(2006) to create a highly customisable test that would be able to use one set of 
specimen  geometries and one set of test apparatus to gain detailed data on a material between 
pure  mode I and pure mode II. The UBM test allows for testing using pure bending moments 
with no through-thickness shear forces. As is seen in Section 2.2.7 and Section 4.2, the 
partition theories in the literature almost exclusively deal with applied bending moments and 
axial forces. Some research does consider applied through-thickness shear forces but doing so 
adds significant extra complications and uncertainty. It is consequently desirable to avoid 
applied shear forces in mechanical fracture testing as far as is possible, especially where 
mixed fracture modes are concerned. In the development of this test, care and thought have 
been taken  to attempt to keep this as close to the DCB standard of ASTM 2007e3 as possible. 
Appendix  A contains the CAD drawings of each piece as well as assembly drawings. The 
following  diagrams are not to scale and are here convey the development of the apparatus 
through its  iterations and offer details on how the test functions. 
5.1.1. Version 1 – Concept design 
This test should take a normal DCB specimen from ASTM 2007e3 to allow for 
consistent  comparison between a DCB test and a UBM mode I test. The specimen is 
suspended  by thin steel cables looped through pulleys with one end attached to a moving 
upper beam, and  the other end terminated on a transverse beam. The termination side 
transverse beam will have  a spring with a specifically chosen spring constant to connect it to 
the moving upper beam.  This will allow for uneven bending moments. The specimen is 
suspended freely to allow  vertical movement with the rollers there to stop lateral movement. 
The angle between the  mounting blocks and lateral arms can be adjusted to ensure that when 
crack propagation  begins the transverse arms are perfectly horizontal. This will ensure the 
correct bending  moment for the test in question. If the correct spring, with the correct spring 
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constant is  selected the specimen should not move at all, allowing for easy observation of 
crack  propagation as suggested in ASTM 2007e3. The transverse beams and mounting blocks 
have been made as small and light as possible to prevent as much of their weight from 
impacting the test as possible. The upper beam and transverse arms have slots for the pulleys 
to clamp onto. These slots allow for a huge and continuous choice of pulley positions for 
different bending moment setups. 
 
Figure 35: UBM version 1 – early concept 
This early version had a few issues. The upper beam is pivoted around a single point to 
protect  the load cell from large bending moments. This however was not practical in an 
uneven  bending moment test, as there would always be a moment trying to act on the load 
cell. This  would just leave the upper beam slanted at the maximum possible angle and would 
still not  protect the load cell. The weight of the mounting blocks and the transverse beams on 
the specimen was not acceptable for achieving accurate data. Obtaining springs of suitable 
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spring constant was not easy or practical. The termination block for the spring was difficult to 
adjust easily. Steel cable can stretch, this would impact the load data obtained as there would 
be no way of telling where the force applied was going, the crack tip or the cables. Small 
radius curvature of steel cables, around a small pulley for example, can create some friction, 
which would be another thing to affect the load data. Any loop made of the steel cable, for 
the start or termination points, would be another point of “stretch” in the system, again 
affecting the load data. With a termination block like this one, two wires of precisely equal 
length would be required, which is hard to achieve. 
5.1.2. Version 2 – Prototype 
 
Figure 36: UBM version 2 – prototype 
For the first prototype, a large number of changes were made. The upper beam, see Figure 36 
and Figure 37, has been changed to have two pins to remove the ability to pivot. There are 
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two layers of holes with which to pin the support grip, spaced out to increase the different 
number of positions for the start and termination points.  
 
Figure 37: UBM upper beam 
The slot on the left-hand-side had been designed with a sliding termination block in mind. 
This termination block was hard to use and impractical. It was small and fiddly to terminate 
the cable in, and required the use of two pieces of cable. Using two pieces of cable proved 
highly impractical as it was required to get them to be exactly the same length once fitted, 
which was fiendishly difficult. To fix the block for the test so it would not move, holes were 
drilled in the top of the upper beam, and threaded holes in the bottom. The idea was to clamp 
the termination block using threaded bolts. Although the termination block has been removed, 
these holes still remained useful. The hole furthest to the left is now bolted shut in order to 
keep the slot the same width along its length.  
 
Figure 38: UBM cable continuation pulley 
The holes on the top side are now places to slide the pins for a new block, see Figure 38 and 
Figure 39. This new block allows for one piece of cable to be looped across the whole system, 
which is far easier than setting up and adjusting two pieces of cable to be identical.  
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Figure 39: UBM pulley setup 
To compensate for the weight of the transverse beams, springs have been added to hold their 
weight and for them to rotate around to prevent the weight of the beams putting any forces on 
the crack tip. Any forces that are not from loading will impact the data and, as such, must be 
avoided. 
 
Figure 40: UBM rollers 
The old roller design (see Figure 35) involved had two sets of rollers each on their own 
support arms. The support arms could not clamp the specimen properly; this led to rotation of 
the specimen itself, which was undesirable. The rollers were redesigned to be more adjustable, 
see Figure 40, with grub screws for fine adjustment clamping of the specimen. The entire 
roller assembly can be moved up and down within the support arms, based on the required 
test setup. 
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Figure 41: UBM baseplate 
The baseplate was designed to fit on an Inston 8872. The pairs of holes were designed to 
allow the baseplate to slide along the fixture rails. Raised fixtures allow attachment of the 
lower beam and roller supports. 
The use of metal cable to transport the load through was an issue. Metal cables have a limited 
radius at which they can curve before forces are then used to make them curve at a tighter 
radius. This was an issue with the pulleys, as they are fairly small and would cause concern. 
Metal cable can also stretch if enough force goes through it. This would have an impact on 
the results of any testing, as any force going into stretching the cable, is not going into the 
crack tip. To overcome these issues, ultra-high-molecular-weight polyethylene cabling has 
been utilised. This Dyneema fibre was designed for kite-surfing and is perfect for this testing: 
it does not stretch at all as it will break before reaching a point it can stretch at, it does not 
have any issues about curvature radius, it is incredibly strong and it is easy to cut into 
required lengths in the laboratory without the use of special equipment. 
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5.1.3. Version 3 
 
Figure 42: UBM version 3 
In version 3, the springs have been replaced with counter weights. These still remove any 
weight of the transverse arms from the specimen, and also allow the specimen to move both 
up and down during testing.  
A problem with out of plane rotation was observed in early testing. For this version, 
additional support linking the upper beam and transverse beams was tested in the hope of 
removing this out of plane rotation. Unfortunately, these supports were not strong enough and 
the issue persisted. On top of this, the supports also added friction and impeded the rotation 
of the transverse arms. 
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Figure 43: UBM updated baseplate 
The baseplate was modified (see Figure 43) to allow for use on both the Inston 8872 and the 
Instron 5500R. New holes were added near the centre to fix the baseplate to the universal 
testing machine. The fixture for the lower beam was also raised to allow it to better fit in one 
of the universal testing machines. 
The height of the roller support arms were raised to allow for greater specimen movement. 
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5.1.4. Version 4 
 
Figure 44: UBM version 4 
Unfortunately, the supports to remove out of plane rotation mentioned above were not strong 
enough and the issue persisted. To solve the problem, PTFE pins were added to the roller 
support housing (see Figure 45). The pins are adjusted onto the specimen as it is placed into 
the rollers. This completely fixed the issue of unwanted out of plane rotation. 
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Figure 45: UBM pins and rollers 
The mounting blocks on the transverse beams had additional weight added. Originally the 
apparatus was designed to be as light as possible; this was to save material, but also to keep 
as much weight off of the specimen as possible. With the addition of balancing weights, this 
later requirement is no longer a requirement. The transverse arms rotate during testing. The 
point of rotation is the centre of mass. It is ideal that this centre of mass for the transverse 
beams is where the balancing weights are fixed. Unfortunately, this was not the case and the 
centre of mass was further out along the beam. By adding more weight to the mounting 
blocks, the centre of mass shifted to the desired point. 
The lower arm had been experiencing some rotation during certain tests. To fix this, a third 
pin was added to its support arm to prevent this rotation. 
5.1.5. Version 5 
During testing at more mode II dominated bending moment ratios, the transverse beams were 
slipping at the point where they attached to the mounting blocks. To fix this, the rotation slot 
and fixture hole were enlarged (see Figure 46) to allow thicker bolts. This allows for more 
force to be applied, and these fixtures were often tightened using a metre long lever to ensure 
no slipping during testing. 
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Figure 46: UBM transverse beam changes 
It was noticed during in testing that a bending moment was, in certain setups, going into the 
load cell. This was affecting the load being recorded by an undetermined offset. It is 
important that in all testing, the start and end points of the cable on the upper beam fulfil the 
criterion ݔ ൌ ݕ. If this criterion is not fulfilled, the upper beam has a moment on it and the 
data cannot be considered accurate.  
 
Figure 47: UBM upper beam cable start and termination distances 
5.1.6. Future development 
The apparatus performed well, however there are a few improvements that could be made. 
Post processing could be improved by use of automated scripts and crack tracking software. 
A better spatial reference frame during testing would be very helpful for automated crack 
tracking, which could have saved a huge amount of time. 
The slots were designed for wide degrees of variability, however this was not really required 
in the end, and a smaller selection of holes at useful distances to create the bending moment 
ratios would be more useful, and easier to setup and machine. 
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With the improvement for the termination slot, there is no need for the slot on the termination 
side of the upper beam. The middle holes in the upper beam are also unnecessary as the 
criterion to keep ݔ ൌ ݕ (see Figure 47) is imperative. 
Increasing the length of the upper, transverse and lower beams would allow for great ranges 
of bending moment ratios. This would also need more variable rotation on the transverse 
arms at the mounting blocks, to ensure the correct angle can be set for each test. 
Originally the UBM test was designed to be similar to the DCB test in as many ways as 
possible. As such, the apparatus was designed to allow for free movement of the specimen 
vertically. It was noted during testing that whilst under load the specimen could be moved up 
and down. This was done for cases with large displacement where the crack tip had moved 
out of the cameras field of view. This showed that the specimen could have constrained at the 
bottom. The movement the specimen undergoes is rotation caused by friction in the pulleys. 
Under heavy load, sometimes the cable would slide on the pulleys rather than rotate the 
pulleys; this is the cause of the specimen’s movement. The UBM apparatus could be 
modified to use a grip to constrain the bottom of the specimen, if this was desired. However, 
the specimen movements were convenient at times, as the often the specimen would move up 
whilst the crack propagated downwards, this gave the crack tip more time in the cameras field 
of view. 
5.2. Specimen development 
5.2.1. Geometry 
The geometry of the specimens is based on ASTM (2007e3) whilst being as efficient with 
material use as is possible. An even number of plies is used; in initial testing it was 24 plies. 
The 24 plies underwent too much bending under the UBM test; during this bending the 
fracture toughness became artificially high due to geometric non-linearity, in which the 
energy of the  loading was going into the bending and not the crack propagation. To stiffen 
the specimens, 48 plies were used in total. The normal laminate thickness recommended in 
ASTM (2007e3) is between 3 and 5 mm. This was too thin, as mentioned above, and 
specimens for UBM testing are approximately 6.7 mm to avoid stiffening due to geometric 
non-linearity. 
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The length of the specimens was increased from the recommended DCB length of 125 mm to 
200 mm to account for the need to remain in the UBM rollers for the full duration of testing. 
The width was approximately 25 mm, this dimension has been determined as unimportant in 
round robin testing (ASTM 2007e3).  
5.2.2. Layup method 
To start the layup process, the prepreg role needs to be defrosted. The sealed bag containing 
the roll needs to defrost for several hours before opening to prevent a build-up of 
condensation on the composite itself. Further instructions can be found on the prepreg itself 
for specific requirements. 
For this testing Cytec MTM28-1/1062-200-32%RW E-glass UD prepreg is used (Figure 48). 
 
Figure 48: Glass/epoxy prepreg 
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The correct surface for laying up is important. A smooth and flat metal surface is required. 
The smooth and flat surface will give a smooth and even finish to the cured laminates, whilst 
the metal surfaces good thermal conduction ensures even curing.  
The laying up process can be completed in several straightforward steps:  
1. Firstly, the surface must be thoroughly cleaned, first using a solvent, such as propan-
2-ol, then using a mould cleaner.  
2. Mould release must be applied to the area where the plies will be laid down to ensure 
the laminate does not cure onto the plate. 
3. A tacky rubber tape should be applied to the area that the vacuum bag will need to 
cover, see Figure 49. 
 
Figure 49: Cleaned surface and rubber tape 
4. Raised tabs that will form folds in the vacuum bag, should be placed where the edges 
of each panel should be. Figure 50 shows this. Gauge steel plates using in the curing 
process are used to show where the tabs need to be, it is important to put something 
between the gauge steel and the laying up surface to prevent scratching or damage. 
5. Measure out some vacuum bag. It is important to use a lot of vacuum bag as folds will 
be needed across each tab for the edges of the laminates to ensure as much air is 
removed as is possible.  
 
5. Fracture toughness testing methodology 106 
 
 
Figure 50: Rubber tape and tab positions 
6. To stick the vacuum bag down on to the tape: start in one corner, go along one edge, 
then the other edge from the starting corner, finishing in the opposite corner to the 
start point. It is important to keep the bag straight along each edge to ensure that there 
is enough bag to reach the far corner. Once done it should look like Figure 51. 
 
Figure 51: Vacuum bag 
7. Mark out hole for the valve. This hole should be in a corner, but not too close to the 
edges. Cut the holes for the valve, be very careful not to make the hole too big as this 
is a vacuum system and we do not want any leaks. 
8. Place breather fabric, folded a few times under the valve. This is so the air can all be 
sucked out, rather than making a seal between the valve and plate. 
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9. Check the vacuum seal. A roughing pump is used to removed 99% of the air. As the 
bag is pulled down, hold up the folds in the bag to ensure that the air can all leave. It 
is important to avoid making a vacuum seal in just one section. Listen for leaks and 
close them by pressing the bag into the tape. If there are leaks after this, start again. 
10. Peel the bag open on the opposite side to the valve.  
11. Place a strip of peel ply onto the metal plate, this will give a rough surface to bond 
loading blocks onto later. This is only for the area where th loading blocks need to 
bond too, the rest of the material should be in contact with the metal plate to ensure a 
smooth finish. 
12. Place down a single ply. Remove any air bubbles trapped between the ply and metal 
surface by pressing and smoothing. This pressing out of the air must always be in the 
fibre direction as to not change the shape of the ply. It is important to leave one side 
of the backing from the ply to stop sticking to the metal plate or vacuum bag. 
13. Place release film, then breather fabric over the ply.  
14. Seal up the system, put back under vacuum for 10 minutes to remove the last of the 
air between the ply and the surface.  
15. Open the system again. Place another ply down, be very careful, as once the two plies 
touch, you cannot pull them apart as this will damage the fibre orientation, squeeze 
out any air bubbles.  
16. Then repeat steps 13 – 15 until you reach the point where you want to place an insert 
to create the crack. 
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Figure 52: ETFE insert placement 
17. The insert is 13	μm ethylene tetrafluoroethylene (ETFE) which was chosen based on 
ASTM (2007e3) guidance. It needs to be cut to the length that the crack is wanted, but 
longer and wider to allow for easy placing and any off-cuts from the sides of the panel. 
Carefully measure the position of the insert, ensure it is not misaligned, is 
perpendicular to the fibre direction, and has no folds or creases. Once the insert is 
placed, place another ply on top and repeat steps 13 – 15 until you have reached the 
desired thickness. 
5.2.3. Cure cycle 
A metal plate is required for the curing. A piece of gauge steel, ground to a smooth and flat 
surface, ensures an even panel, with smooth faces. It is important that the metal plate is larger 
than the panel itself. This overlap is important. The edges of the plate should match the tabs 
made early, this will allow for the air to be removed from the bulk of the panel during the 
cure. 
Once all the plies are down, place another strip of peel ply on the top ply. Clean the gauge 
steel plate and then apply mould release. Place the release film on top of the top ply and 
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ensure that the backing has been removed from the top specimen now. Place the steel plate 
above on top of the panel. Then place the breather fabric on top of the plate, this is not for the 
‘breathing’ function, but to protect the vacuum bag from the metal edges.  
 
Figure 53: Two panels ready for curing 
Place this back under vacuum. Check for leaks. Once the vacuum seal is good, place breather 
fabric over the top of the vacuum bag, and then place some weights on top of the panel, about 
39	kg is used for each of these panels. 
Place into a curing oven under vacuum. Setup the cure cycle as ramp up of 2°C/min, ramp to 
120°C and hold for 1 hour, the ramp down is less important, approximately 5°C/min is fine.  
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Figure 54: One completed panel 
Figure 54 shows a completed panel. The blue film is the insert. The rough surface for loading 
block bonding, where the peel ply was can be seen, as well as the smooth surface from the 
metal plates. The edges show excess resin that has cured with no fibre to bond too, these 
rough edges will be trimmed off. 
5.2.4. Loading blocks 
Once the panel is cured and has cooled. Remove from the oven and from the vacuum. Peel 
off the peel ply from each side. Mark the panel into specimens. Each panel here yields ten 
specimens. The specimens are then cut down with a wet saw, it is important to take into 
account the blade thickness when marking. Once cut, clean any residue from the specimens 
and then measure and record the dimensions of each specimen. 
Loading blocks will need to be attached for use with the UBM apparatus. The loading block 
process has gone through some iterating as some of the early bonding was too weak and the 
blocks would ‘pop’ off during testing.  
The adhesive used is Cytec’s VTA 260. This has several cure cycles and also requires 0.1 
MPa of pressure. This pressure is achieved with the use of metal plates and weights. 
The adhesive is cut into pieces to bond the blocks to the specimens. Before the specimens are 
bonded, they need to be cleaned with a solvent to ensure a good bond. Once stuck together, 
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the specimens with the blocks on can be placed into the oven and weighted to provide the 
pressure needed for the cure. 
Initially rather than using peel ply, the ends of the specimens were sand blasted and then 
wiped down. The peel ply surface has given a far superior surface for bonding. The initial 
cure was a cycle of ramp up of 2°C/min, ramp to 65°C and hold for 16 hours, and the ramp 
down at approximately 5°C/min. This stopped the adhesive from running, but gave too weak 
a bond. The cure cycle that was settled on was a cycle with ramp up of 2°C/min, ramp to 
120°C and hold for 1 hour, ramp down approximately 5°C/min. This however does mean 
some running of the adhesive which then needs to be filed off to fit into the UBM.  
 
Figure 55: Top surface of a completed specimen with loading blocks (top) and side surface 
with 5-mm graduations for measurement of crack propagation (bottom) 
Figure 55 shows a completed specimen with 5-mm graduations and loading blocks. The 5-
mm graduations are according to ASTM 2007e3 and need to be marked on before testing. 
Once the testing is complete, the blocks can be removed from the specimens using a large 
shear force, and then cleaned with a sand blaster to be ready for re-use. 
5.3. Experimental procedure 
The experimental procedure of prepared test specimens is a fairly long process of multiple 
stages. The stages are as follows: 
1. Setup the UBM apparatus for testing. This involves: 
a. Attach UBM apparatus to base of a universal testing machine. For this testing, 
an Instron 5500R testing machine was used. 
b. Select load cell for desired range and install. 
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c. Attach the UBM upper beam to the top loading jaws on the universal testing 
machine. 
 
2. Set the apparatus for the bending moment ratio ܯ2 ܯ1⁄ ൌ െ1, this is the pure mode I 
case. 
a. Set ܮଵ ൌ ܮଶ (Figure 44). Once ܮଵ and ܮଶ.are set, ensure the cables between the 
different beams are all vertical. 
b. It is essential to check that ݔ ൌ ݕ (see Figure 47) to ensure that there is no 
bending moment in the load cell. Any bending moment here will put an offset 
on all collected data that cannot be calculated. 
c. Adjust the transverse beams to angles of 16.5° upwards. This is to ensure the 
transverse beams will be horizontal for the propagation of the crack. 
d. Place calibration specimen into the apparatus. Adjust the PTFE pins and the 
metal rollers. This ensures that only vertical movement is possible and any 
unwanted lateral movement is removed.  
e. Adjust the load cable to remove slack from the system. 
 
Figure 56: LaVision Imager E-lite CCD camera 
3. Setup camera system. The LaVision DIC system was used in conjunction with the 
DaVis imaging software. Note that only the image capture function of the system was 
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used for these tests, and the DIC function was not used until a later programme of 
testing which is described in Chapter 7. The system uses a 12-bit 2448×2050 pixel 
CCD camera (Imager E-lite) with a 8.5×7.1 mm2 chip format, and with a 35-mm f/1.8 
focal length lens (see Figure 56). The light source is a LaVision linear LED 
illumination unit, with 12 high power LEDs in white corresponding to 6500 K (see 
Figure 57). 
a. Position camera and tripod level, in front of the test specimen. 
b. Position light(s) to illuminate the cracking region on the specimen. 
c. Link universal testing machine to analogue digital converter. This will 
synchronise the load-displacement data with the recorded camera frames. 
d. Adjust height of camera to view starting point on calibration specimen. Set 
this up for movement of specimen in the test to ensure the full range of 
propagation can be recorded.  
 
Figure 57: LaVision linear LED illumination unit 
4. Test preparation: 
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a. Check specimen is clean. 
b. Remove calibration specimen. 
c. Insert test specimen. Adjust the PTFE pins and the metal rollers. 
d. Check for any slack in cable. If there is slack in the cable, apply small amount 
of displacement with the universal testing machine to remove slack.  
e. Calibrate the scale on the camera.  
f. Zero the load and displacement on the universal testing machine. 
 
5. Pre-cracking procedure: 
a. Take one image of starting point. 
b. Set displacement range in the universal testing machine. 
c. Pre-crack according to ASTM (2007e3). Treat UBM in pure mode I setup as a 
normal DCB test. 
d. Take one image of crack tip at the end of the pre-cracking process. 
e. Record the load and displacement from the universal testing machine and 
match to image with the analogue digital converter. 
f. Return the displacement to the starting point (zero) 
g. Remove the test specimen. 
 
6. Set the apparatus for the desired ܯ2 ܯ1⁄  bending moment ratio: 
a. Set ܯ2 ܯ1⁄  by adjusting both ܮଵ and ܮଶ. As before, once, ܮଵ and ܮଶ are set, 
ensure the cables between the different beams are all vertical. 
b. As before, it is essential to check that ݔ ൌ ݕ to ensure that there is no bending 
moment in the load cell. Any bending moment here will put an offset on all 
collected data that cannot be calculated. 
c. Adjust the transverse beam angles to the desired angle. This can require some 
trial and error. This is to ensure that the transverse beams are horizontal for the 
crack propagation. 
d. Place calibration specimen into the apparatus. Adjust the PTFE pins and the 
metal rollers.  
 
5. Fracture toughness testing methodology 115 
 
e. Adjust the load cable to remove slack from the system. 
 
7. Testing procedure: 
a. Adjust the height of camera for current test. 
b. Remove  the calibration specimen. 
c. Insert the test specimen. Adjust the PTFE blocks and rollers to fit. Check for 
any slack in cable and remove using displacement control. 
d. Calibrate the scale on the camera. 
e. Zero the load and displacement on the universal testing machine. 
f. Set the displacement range in the universal testing machine (approximately 60 
mm). 
g. Set the displacement control to 4mm min⁄  (for a quasi-static test). 
h. Set frame rate: 1 frame per second is sufficient. Set the recording time for the 
duration of the test. 
i. Begin test. 
j. Record the load and displacement from the universal testing machine and 
match to image with the analogue digital converter. 
k. Return the displacement to the starting point (zero). 
l. Check to see no slips or movement on any of the pulleys or beams occurred. If 
there has been, the data will not be reliable. 
m. Remove the test specimen. 
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Figure 58: UBM apparatus and recording system during testing 
8. Additional notes: 
a. Sometimes the displacement of the specimen can be substantial. If the test 
specimen moves out of the view of the camera, pause the test and move the 
specimen very gently. There should be free movement in the vertical direction. 
b. Occasional stoppages or jams can occur. If one does occur, pause the test 
adjust the cause of the problem, then continue the test. Once the test is 
complete make a judgement as to whether or not the data is worth using, or if 
the test needs to be repeated. 
c. It is recommended to run these tests in batches for the pre-cracking and the 
testing to avoid the labour intensive setup for each different ܯଵ/ܯଶ ratio. 
d. The ܯଶ ܯଵ⁄ ൌ 0 case is a special setup. To achieve ܯଶ ܯଵ⁄ ൌ 0 we need to 
set ܯଶ ൌ 0. This involves making ܮଶ ൌ 0 which is achieved by removing one 
of the transverse beams, and connecting the cables from the upper beam 
directly to the lower beam. See Figure 59 for details. 
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Figure 59: UBM in 012 MM  setup 
5.4. Compliance calibration 
The compliance calibration method was chosen to determinate the fracture toughness cG  as it 
does not require any assumptions about material properties or mechanical behaviour. (Clearly, 
though, this is unavoidable when determining the fracture mode partition.) As explained in 
Section 3.1.1, for a fixed-grip test, the compliance calibration method measures the load 
applied through the grip P , the displacement of the grip in the direction of the load  , and 
the length of the crack. The general definition of ERR is 
 






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U
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where   is the total potential energy, W  is the work done, and U  is the strain energy. In the 
case of a fixed grip, no work is done during crack propagation, so 0 aW . Since 
2PU  , then for a fixed grip, aPaU  2 . Therefore the critical ERR for crack 
propagation becomes 
 
a
P
ba
U
b
G cc 
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
2
1   (112) 
where cP  is the load at the onset of or during crack propagation. The compliance C  of a 
specimen is P . Consequently, for a fixed grip, aCCaP  2 , and 
 
a
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2
  (113) 
where c  is the displacement of the grip at the onset of or during crack propagation. It is seen 
that the critical ERR is calculated from the compliance-crack derivative and the critical crack 
opening displacement with its compliance. The central task of the compliance calibration 
method is therefore to determine aC  . Each fracture test proceeds, measuring a ,   and 
P . Then during post-processing, the development of PC   with a  is considered to 
determine the compliance-crack derivative aC  . 
In this work, three different methods from the literature were used to determine aC  : (1) 
Compliance calibration using a power law least-squares fit (CCPL), (2) Compliance 
calibration using a quadratic law least-squares fit (CCQL), and (3) a MCC method in which 
the compliance is assumed to follow a power law with an exponent of 3, which makes it 
consistent with beam theory. Considering each of these in turn: 
5.4.1. Compliance calibration using a power law least-squares fit 
Following ASTM (2007e3), the compliance-crack length relationship is assumed to follow a 
power law, as follows: 
 nKaC   (114) 
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To determine the exponent n , either carry out a power law least-squares fit on C  versus a , 
or plot  Clog  versus  alog  and carry out a linear law least-squares fit, for which the 
exponent n  is the slope of the line. 
Since nKaC  , then anCnKaaC n  1 , and the critical ERR becomes 
 
ba
nP
G ccc 2
  (115) 
5.4.2. Compliance calibration using a quadratic law least-squares fit 
The compliance-crack length relationship is assumed to follow a quadratic polynomial law, 
as follows: 
 2210 aCaCCC   (116) 
The critical ERR then becomes 
  aCC
b
PG cc 21
2
2
2
  (117) 
5.4.3. Modified compliance calibration 
Following ASTM (2007e3), the beam theory expression for the ERR of a perfectly built-in 
(that is, clamped at the delamination front) DCB in a DCB test is 
 
ba
PG ccc 2
3   (118) 
Comparison with Eq. (115) shows that if nKaC   is assumed then the exponent 3n . By 
rearranging,   311131 CAhKCha n  . ASTM (2007e3) suggests to determine the 
coefficient 1A  by generating a least squares plot of the delamination length normalised by the 
specimen thickness, ha , as a function of the cube root of the compliance, 31C . Once 1A  has 
been determined, then the critical ERR becomes 
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5.4.4. Initiation fracture toughness 
To determine the fracture toughness at initiation, one of the above compliance calibration 
methods is used to determine the compliance at the initial crack length, that is, before any 
propagation. Then, the load at the onset crack propagation, cP , and the displacement of the 
grip at the onset of crack propagation, c , are determined using three different methods (see 
Section 3.1.1 which are the same three recommended by ASTM (2007e3): (1) At the point of 
deviation from linearity in the load-displacement curve (denoted ‘NL’ in Figure 60), (2) at 
the point at which delamination is visually observed on the edge of the specimen using the 
crack-tracking camera (denoted ‘Vis.’), and (3) at the point at which the compliance has 
increased by 5% (denoted ‘5%’). 
 
Figure 60: A typical example of a load-displacement trace from a UBM test 
As seen in Figure 60, the ‘NL’ point typically occurs first (but not always), and consequently 
produces the lowest of the three cG  values. Then ‘5%’ point is typically (but, again, not 
always) occurs last, and produces the highest cG  value. The ‘NL’ and ‘Vis.’ points are 
usually relatively simple to determine. The following process is used in this work to 
determine the ‘5%’ point: 
1. Identify start and end frames in the load-displacement data that represent the start and 
end of the linear region. Note that the start doesn’t usually correspond to the start of 
the test due to the small amount of initial ‘slack’ in the cables. Similarly, due to the 
propagating crack, the end of the linear region occurs well before the end of the test. 
The start and end points are identified by the first two blue data markers in Figure 61. 
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Figure 61: Locating the 5% increase in compliance point in the load-displacement trace 
2. Calculate the ݔ-intercept and y-intercept of a linear least-square fit to the linear region 
only (i.e. between the start and end frames determined above). Due to the expected 
slack in the cables at the start of the test, it is expected that the y-intercept will be 
negative, and the ݔ-intercept will be positive. If it is not, then force the best fit line to 
pass through the origin at (0,0). The linear best fit line is shown in Figure 61 by the 
red line. 
3. Transform all the load-displacement data along the ݔ-axis by the value of the ݔ-
intercept so that the linear best fit passes through (0,0). This 'zeroes' the test so that 
the results effectively start with zero opening and zero load, for example, in Figure 60. 
4. The compliance of the linear part is the reciprocal of the gradient of the linear best fit 
line. To find the 5% increase in compliance, multiply it by 1.05. This line starts at the 
effective (0,0), or equivalently at the ݔ-intercept of the data without any translation 
along the ݔ -axis. Then at some point, the line will cross the experimental load-
displacement data, for example, at the location of the third blue data marker in Figure 
61. This is the "5%" initiation point. 
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6. Fracture toughness test 
results 
6.1. Introduction 
Although there are numerous experimental investigations reported in literature, the ones in 
the following papers: Davidson et al. (1997), Davidson, Gharibian and Yu (2000), Davidson, 
Bialaszewski and Sainath (2006), Harvey and Wang (2012b), Hashemi, Kinloch and 
Williams (1990), Kinloch, Wang, Williams and Yayla (1993), Charalambides, Kinloch, 
Wang and Williams (1992), Hashemi, Kinloch and Williams (1991), may represent some of 
the most comprehensive and convincing ones. By using a linear failure locus (found to be a 
good approximation for the tested composite material), an experimental investigation for 
delamination in UD laminates is reported in Charalambides, Kinloch, Wang and Williams 
(1992) for the assessment of Williams’ partition theory and Suo and Hutchinson’s 2D-
elasticity partition theory. The conclusion of those researchers was that the former agrees 
with the linear failure locus much better than the latter does. The experimental investigations 
reported by Davidson et al. (1997), Davidson, Gharibian and Yu 2000, Davidson, 
Bialaszewski and Sainath (2006), are for both UD and MD laminates. No specific failure 
locus is assumed, but instead a failure locus is experimentally determined in terms of the total 
critical ERR cG  and GGII /  by using the test data for midplane delamination in UD 
laminates. All the partition theories agree on this particular case and so the failure locus is 
reliably obtained. Then, the assessment of different partition theories is made against this 
midplane failure locus for delamination at various through-thickness locations and with 
various layups. Even more comprehensive experimental assessments are given in Davidson, 
Gharibian and Yu (2000) and Davidson, Bialaszewski and Sainath (2006) for Davidson et 
al.’s 2D-elasticity singular-field partition theory and non-singular-field partition theory, 
including results from various finite element simulations. A large number of UD and MD 
laminates are tested in different bending and tension configurations. The assessment 
methodology is the same as that in the study (Davidson et al. 1997), that is, a failure locus is 
experimentally determined in terms of the total critical ERR cG  and GGII /  by testing UD 
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laminates with midplane delamination. Different partition theories are then assessed against 
this failure locus using test specimens with delamination at various through-thickness 
locations and with various layups. The assessment concluded that Davidson et al.’s 2D-
elasticity non-singular-field partition theory provides highly accurate delamination growth 
predictions for a variety of laminate layups and loadings. Conversely, the 2D-elasticity 
singular-field partition theory is shown to have relatively poor accuracy. 
It is rare for delaminations to happen in pure modes; generally delamination will be a 
combination of all three modes. Several criteria to describe mixed-mode failure have been 
suggested to describe mixed-mode fracture toughness and a number of tests have been 
developed to produce mixed-modes. Most of these tests focus on mixed-modes of mode I and 
mode II fractures. The major mixed mode fracture tests are the MMB, FRMM, VRMM and 
SLB, which is covered in detail in Chapter 3.  
The UBM test for DCBs is another a mixed-mode test. It consists of two transverse arms 
attached to a DCB specimen. Uneven bending moments are applied to these arms. Varying 
these moments allows for variation of the mode. The un-cracked end of the specimen is 
restricted from rotation, but is free to move up and down. To keep the load identical, the load 
is applied through a wire, connected via rollers to the transverse arms (Sørensen, Jørgensen, 
Jacobsen, Østergaard 2006). This test has an advantage over MMB, as MMB can be unstable 
in mode II dominant (Ozdil and Carlsson 2000), while UBM is stable over the whole mixed-
mode  
Most previous testing has assumed a linear failure locus (for example Charalambides, 
Kinloch, Wang and Williams, 1992). In this testing the failure locus is not assumed, it is 
measured in the symmetric testing. Other tests have only used a limited range of bending 
moments, such as in Davidson, Gharibian and Yu (2000) and Conroy, Sørensen and 
Ivankovic (2014) (see Figure 30). Other tests have applied mixed crack tip shear forces and 
bending moments, but by utilising the UBM pure bending moments are used instead. As far 
as the author’s knowledge, there is no mixed-mode fracture testing using the UBM apparatus 
before. 
This program of testing intends to address all the previous gaps. The testing will be over a 
wide range of bending moment ratios. The mixed-mode failure locus will be determined by 
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thorough testing of specimens with mid-plane delaminations. The UBM apparatus is utilised 
to ensure pure bending moments instead of bending moments with through-thickness shear 
forces. 
The aim of this program of testing is to determine which mixed-mode partition theory is the 
best, that is, which is able to most accurately predict the fracture toughness of a mixed-mode 
crack. The preliminary study in Chapter 4 suggests that the Euler partition theory is best, and 
that Davidson's non-singular-field theory is very close to it, which is expected because 
Davidson's is partially based on experimental results. This chapter will consider a wider 
range of bending moment ratios under pure bending. The experimental method detailed is the 
one detailed in Chapter 5. 
The general approach for this testing is similar to that used in Chapter 4. The failure locus is 
experimentally determined in terms of the total critical ERR cG  and GGII by using the test 
data for midplane delamination in UD laminates. All the partition theories agree on this 
particular case and so the failure locus is reliably obtained. Then, the assessment of different 
partition theories is made against this midplane failure locus for delamination at various 
through-thickness locations.  
6.2. Test specimens 
Testing was carried out in three rounds: (1) DCB testing with symmetric DCB specimens, 
which provided an initial benchmark to compare UBM test results against, (2) UBM testing 
with symmetric specimens, and (3) UBM testing with asymmetric specimens. The details of 
the specimens in each round of testing are given in Table 7, Table 8 and Table 9. 
Panels were fabricated according to Section 5.2 with ten specimens per panel. The naming 
convention is as follows: PN-TEST-gX-Z where N is the panel number, TEST is the test type 
which can be one either DCB or UBM, X is the thickness ratio (ߛ ൌ ݄ଶ ݄ଵ⁄ ), and Z is the 
specimen number from the panel. For each test point (i.e. bending moment ratio and 
thickness ratio) five repeats of each test were attempted, although not always achieved due to 
occasional testing problems; however a minimum of four repeats was always achieved. 
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The thickness of each specimen was measured in three locations across the length of the 
specimen and averaged for the fracture toughness calculation. The width is recorded only 
once, as it is reliably determined by cutting in the specimen preparation stage. 
Table 7: Symmetric DCB specimen data 
Specimen code Panel Thickness 
ratio ߛ 
Specimen 
number 
Bending 
moment ratio 
ܯଶ ܯଵ⁄  
Thickness ݄ (mm) 
 
Width 
ܾ (mm) 
     Top Middle Bottom  
P1-DCB-g1-1 1 1 1 -1 3.72 3.84 4.06 n/a 
P1-DCB-g1-2 1 1 2 -1 3.88 4.06 4.04 n/a 
P1-DCB-g1-3 1 1 3 -1 3.92 4.06 4.16 n/a 
P1-DCB-g1-4 1 1 4 -1 3.95 4.07 4.07 n/a 
P1-DCB-g1-5 1 1 5 -1 3.79 3.99 3.97 n/a 
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Table 8: Symmetric UBM specimen data 
Specimen code Panel Thickness 
ratio ߛ 
Specimen 
number 
Bending 
moment ratio 
ܯଶ ܯଵ⁄  
Thickness ݄ (mm) 
 
Width 
ܾ (mm) 
     Top Middle Bottom  
P17-UBM-g1-1 17 1 1 -1 6.63 6.77 6.57 25.68 
P17-UBM-g1-2 17 1 2 -1 6.70 6.77 6.57 25.36 
P17-UBM-g1-3 17 1 3 -1 6.70 6.81 6.60 25.87 
P17-UBM-g1-4 17 1 4 -1 6.74 6.87 6.64 25.52 
P17-UBM-g1-5 17 1 5 -1 6.75 6.90 6.60 25.84 
P17-UBM-g1-7 17 1 7 -0.33 6.73 6.93 6.64 25.91 
P17-UBM-g1-8 17 1 8 -0.33 6.73 6.92 6.65 26.50 
P17-UBM-g1-9 17 1 9 -0.33 6.61 6.77 6.61 2545 
P17-UBM-g1-10 17 1 10 -0.33 6.63 6.66 6.61 25.97 
P18-UBM-g1-1 18 1 1 -0.15 6.51 6.61 6.50 23.87 
P18-UBM-g1-2 18 1 2 -0.15 6.58 6.66 6.55 27.40 
P18-UBM-g1-3 18 1 3 -0.15 6.66 6.71 6.66 25.67 
P18-UBM-g1-4 18 1 4 -0.15 6.71 6.81 6.68 26.95 
P18-UBM-g1-5 18 1 5 -0.15 6.73 6.83 6.72 25.95 
P18-UBM-g1-6 18 1 6 0 6.73 6.84 6.64 26.25 
P18-UBM-g1-7 18 1 7 0 6.75 6.83 6.66 26.20 
P18-UBM-g1-8 18 1 8 0 6.74 6.83 6.68 25.90 
P18-UBM-g1-9 18 1 9 0 6.73 6.82 6.64 25.73 
P10-UBM-g1-2 10 1 2 0.15 7.33 7.51 7.36 n/a 
P10-UBM-g1-3 10 1 3 0.15 7.32 7.47 7.31 n/a 
P10-UBM-g1-4 10 1 4 0.15 7.30 7.42 7.27 n/a 
P10-UBM-g1-5 10 1 5 0.15 7.26 7.42 7.27 n/a 
P10-UBM-g1-6 10 1 6 0.25 7.23 7.36 7.26 n/a 
P10-UBM-g1-7 10 1 7 0.25 7.17 7.31 7.24 n/a 
P10-UBM-g1-8 10 1 8 0.25 7.13 7.26 7.14 n/a 
P10-UBM-g1-9 10 1 9 0.25 7.05 7.19 7.08 n/a 
P10-UBM-g1-10 10 1 10 0.25 7.01 7.12 7.03 n/a 
P11-UBM-g1-6 11 1 6 0.4 7.30 7.47 7.34 n/a 
P11-UBM-g1-7 11 1 7 0.4 7.35 7.55 7.35 n/a 
P11-UBM-g1-8 11 1 8 0.4 7.41 7.55 7.39 n/a 
P11-UBM-g1-9 11 1 9 0.4 7.47 7.61 7.44 n/a 
P11-UBM-g1-10 11 1 10 0.4 7.53 7.67 7.47 n/a 
P12-UBM-g1-1 12 1 1 0.6 7.16 7.33 7.17 n/a 
P12-UBM-g1-2 12 1 2 0.6 7.17 7.34 7.20 n/a 
P12-UBM-g1-3 12 1 3 0.6 7.20 7.38 7.23 n/a 
P12-UBM-g1-4 12 1 4 0.6 7.25 7.41 7.25 n/a 
P12-UBM-g1-5 12 1 5 0.6 7.24 7.43 7.25 n/a 
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Table 9: Asymmetric specimen data 
Specimen code Panel Thickness 
ratio ߛ 
Specimen 
number 
Bending 
moment ratio 
ܯଶ ܯଵ⁄  
Thickness ݄ (mm) 
 
Width 
ܾ (mm) 
     Top Middle Bottom  
P13-UBM-g1-1 13 2 1 -2 7.43 7.46 7.28 25.38 
P13-UBM-g1-2 13 2 2 -2 7.50 7.56 7.35 23.66 
P13-UBM-g1-3 13 2 3 -2 7.47 7.50 7.21 25.19 
P13-UBM-g1-4 13 2 4 -2 7.45 7.45 7.28 26.27 
P13-UBM-g1-5 13 2 5 -2 7.38 7.38 7.21 25.51 
P13-UBM-g1-6 13 2 6 -0.5 7.23 7.34 7.16 25.63 
P13-UBM-g1-7 13 2 7 -0.5 7.24 7.23 7.11 25.36 
P13-UBM-g1-8 13 2 8 -0.5 7.13 7.13 7.00 25.09 
P13-UBM-g1-9 13 2 9 -0.5 7.04 7.04 6.93 25.75 
P13-UBM-g1-10 13 2 10 -0.5 7.00 6.95 6.95 25.27 
P14-UBM-g1-1 14 2 1 0.33 6.98 6.95 6.82 25.28 
P14-UBM-g1-2 14 2 2 0.33 7.03 7.02 6.88 26.42 
P14-UBM-g1-3 14 2 3 0.33 7.07 7.13 6.90 24.30 
P14-UBM-g1-4 14 2 4 0.33 7.23 7.14 6.96 26.41 
P14-UBM-g1-5 14 2 5 0.33 7.15 7.20 7.00 25.03 
P14-UBM-g1-6 14 2 6 0.75 7.27 7.21 7.05 25.88 
P14-UBM-g1-7 14 2 7 0.75 7.30 7.24 7.08 24.68 
P14-UBM-g1-8 14 2 8 0.75 7.23 7.22 7.11 25.75 
P14-UBM-g1-9 14 2 9 0.75 7.23 7.25 7.14 26.19 
P14-UBM-g1-10 14 2 10 0.75 7.23 7.27 7.14 24.53 
P15-UBM-g1-1 15 2 1 1.5 6.60 6.66 6.72 26.05 
P15-UBM-g1-2 15 2 2 1.5 6.60 6.72 6.64 24.06 
P15-UBM-g1-3 15 2 3 1.5 6.66 6.84 6.72 25.76 
P15-UBM-g1-4 15 2 4 1.5 6.73 6.99 6.85 26.49 
P15-UBM-g1-5 15 2 5 1.5 6.90 7.04 6.79 25.45 
P16-UBM-g1-1 16 2 1 2 6.53 6.67 6.60 27.83 
P16-UBM-g1-2 16 2 2 2 6.68 6.75 6.73 25.66 
P16-UBM-g1-3 16 2 3 2 6.64 6.84 6.75 25.61 
P16-UBM-g1-4 16 2 4 2 6.76 6.87 6.77 25.04 
P16-UBM-g1-5 16 2 5 2 6.74 6.87 6.77 25.42 
P15-UBM-g1-6 15 2 6 3 6.81 7.00 6.82 26.55 
P15-UBM-g1-7 15 2 7 3 6.75 6.93 6.82 24.85 
P15-UBM-g1-8 15 2 8 3 6.75 6.93 6.83 25.65 
P15-UBM-g1-9 15 2 9 3 6.73 6.90 6.83 25.93 
P15-UBM-g1-10 15 2 10 3 6.72 6.87 6.78 25.22 
P16-UBM-g1-6 16 2 6 5 6.74 6.91 6.78 26.06 
P16-UBM-g1-7 16 2 7 5 6.72 6.89 6.71 25.34 
P16-UBM-g1-8 16 2 8 5 6.74 6.67 6.71 24.68 
P16-UBM-g1-9 16 2 9 5 6.85 6.85 6.82 26.54 
P16-UBM-g1-10 16 2 10 5 6.94 6.99 6.75 23.57 
 
6.3. Results 
In the following, each fracture test is represented by one figure and one table. The 
presentation of each test is the same. Each figure consists of four subfigures. To avoid 
needless repetition, the details of the subfigures are as follows: 
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(a) Load versus displacement with initiation points (red circles) and propagation points (green 
crosses) with crack lengths corresponding to those in each table. ‘Load’ here refers to the 
load measured by the load cell (not the load applied to the specimen arm); ‘Displacement’ 
here refers to the displacement of the crosshead since the start of the test. ‘Vis.’ indicates the 
data point where the crack was first observed to have propagated; ‘NL’ indicates the point of 
deviation from non-linearity; ‘5%’ indicates the point where the load-displacement curve 
intersects with a 5% increase in compliance of the original linear region of the load-
displacement curve. 
(b) Compliance vs. crack length with a quadratic law fit (CCQL, red) and a power law fit 
(CCPL, black). The coefficient of determination ܴଶ is given to quantify how well the data fit 
the regression lines. The colour of the printed ܴଶ matches the colour of the corresponding 
regression line. 
(c) Normalised crack length vs. cube root of compliance with linear law fit (MCC); 
(d) R-curve, showing fracture toughness vs. crack length. 
The table of each test gives the three fracture toughness values (one from each method: 
CCPL, CCQL and MCC) at each crack length. At the end of a set of tests for one bending 
moment ratio, another table records both how the average propagation and initiation fracture 
toughness valued are calculated, and what the values are. Full details are given in Section 5.4, 
but in short, the method that produces the ‘flattest plateau’ in the R-curve is selected: The 
propagation fracture toughness is then averaged over the data points that constitute this 
plateau, and the initiation fracture toughness is the average of the three initiation values 
calculated by the same method. 
6.3.1. DCB testing of symmetric DCB specimens 
The DCB tests in this section have been carried out according to the experimental method 
described in Chapter 5, except where the method is only applicable to the UBM test, or where 
noted here. Displacement was controlled at 2 mm/min, with a total displacement of 70 mm in 
the first test (which was found to be more than necessary), and with a total displacement of 
55 mm for subsequent tests. 
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Note that the DCB tests only have two initiation points: The first point is the start of the non-
linear section of the load-displacement curve. The second point is the 5% increase in the 
compliance. The visual onset of the cracking could not be determined for this data set as the 
length of the pre-crack was not recorded. Note that there are some breaks in the load-
displacement traces (subfigure a in the following figures): These breaks are where the test 
had been paused to realign the specimen, as described in Section 5.3. 
Bending moment ratio ࡹ૛/ࡹ૚ ൌ െ૚, Thickness ratio ࢽ ൌ ૚ 
  
  
Figure 62: P1-DCB-g1-1 
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Table 10: P1-DCB-g1-1 
Data point Displacement 
(mm) 
Load (kN) Crack length 
(mm) 
CCPL ܩ 
(N/mm) 
CCQL ܩ 
(N/mm) 
MCC ܩ 
(N/mm) 
NL 17.3 0.086 54.2 1.612 1.589 1.534 
5% 19.2 0.086 54.2 1.611 1.588 1.643 
1 19.6 0.086 56.2 1.718 1.709 1.662 
2 21.1 0.085 56.9 1.709 1.704 1.717 
3 22.8 0.084 58.6 1.741 1.744 1.768 
4 24.5 0.082 60.5 1.787 1.797 1.818 
5 26.3 0.081 63.7 1.894 1.908 1.860 
6 27.8 0.081 65.4 1.966 1.980 1.919 
7 29.5 0.075 67.5 1.817 1.828 1.826 
8 31.2 0.071 70.0 1.730 1.734 1.757 
9 32.9 0.070 72.3 1.765 1.761 1.775 
10 34.4 0.070 73.4 1.812 1.805 1.829 
11 36.2 0.068 75.1 1.776 1.761 1.814 
12 37.9 0.066 76.6 1.727 1.707 1.795 
13 39.4 0.066 78.8 1.821 1.789 1.846 
14 41.1 0.066 80.5 1.889 1.845 1.897 
 
  
  
Figure 63: P1-DCB-g1-2 
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Table 11: P1-DCB-g1-2 
Data point Displacement 
(mm) 
Load (kN) Crack length 
(mm) 
CCPL ܩ 
(N/mm) 
CCQL ܩ 
(N/mm) 
MCC ܩ 
(N/mm) 
NL 14.1 0.082 50.5 1.130 0.894 1.172 
5% 16.0 0.086 50.5 1.246 0.986 1.361 
1 16.5 0.086 53.7 1.382 1.188 1.390 
2 19.7 0.083 58.4 1.489 1.388 1.498 
3 21.5 0.080 62.1 1.544 1.501 1.515 
4 23.2 0.082 62.9 1.634 1.600 1.633 
5 24.7 0.082 65.5 1.750 1.749 1.704 
6 26.4 0.079 66.5 1.675 1.685 1.701 
7 28.1 0.077 68.3 1.661 1.688 1.712 
8 29.9 0.074 71.1 1.624 1.671 1.676 
9 31.4 0.071 74.5 1.639 1.705 1.655 
10 33.1 0.069 75.5 1.598 1.667 1.660 
11 34.8 0.069 78.5 1.709 1.793 1.719 
12 36.5 0.070 79.3 1.740 1.827 1.775 
13 38.1 0.066 80.5 1.585 1.667 1.687 
 
  
  
Figure 64: P1-DCB-g1-3 
NL
5%
0
0.02
0.04
0.06
0.08
0.1
0.12
0 10 20 30 40 50
Lo
ad
 (k
N
)
Displacement (mm)
(a)
R² = 0.996
R² = 0.995
150
250
350
450
550
650
50 60 70 80 90
Co
m
pl
ia
nc
e (
m
m
/k
N
)
Crack length (mm)
(b)
R² = 0.996
0
5
10
15
20
25
5.0 6.0 7.0 8.0 9.0N
or
m
al
is
ed
 cra
ck
 len
gt
h
Cube root of compliance (mm/kN)1/3
(c)
0.8
1.0
1.2
1.4
1.6
1.8
2.0
2.2
50 55 60 65 70 75 80 85Fr
ac
t. t
ou
gh
ne
ss
 (N
/m
m
)
Crack length (mm)
(d)
CCPL
CCQL
MCC
 
6. Fracture toughness test results 132 
 
Table 12: P1-DCB-g1-3 
Data point Displacement 
(mm) 
Load (kN) Crack length 
(mm) 
CCPL ܩ 
(N/mm) 
CCQL ܩ 
(N/mm) 
MCC ܩ 
(N/mm) 
NL 14.0 0.097 50.5 1.488 1.346 1.441 
5% 15.2 0.098 50.5 1.531 1.384 1.552 
1 14.8 0.098 51.4 1.577 1.446 1.529 
2 16.6 0.101 51.8 1.677 1.546 1.700 
3 18.3 0.101 54.5 1.835 1.746 1.820 
4 19.8 0.098 57.8 1.919 1.877 1.853 
5 21.6 0.096 58.8 1.866 1.837 1.887 
6 23.3 0.092 62.9 1.920 1.929 1.878 
7 25.0 0.088 64.1 1.825 1.840 1.862 
8 26.5 0.087 66.7 1.933 1.962 1.925 
9 28.2 0.086 68.1 1.946 1.981 1.971 
10 29.9 0.085 69.8 1.958 1.998 2.003 
11 31.6 0.082 73.0 1.975 2.019 1.987 
12 33.2 0.082 74.2 2.025 2.072 2.048 
13 34.9 0.078 75.5 1.887 1.929 1.981 
14 36.6 0.076 78.0 1.919 1.960 1.994 
15 38.1 0.075 80.6 1.952 1.990 1.999 
 
  
  
Figure 65: P1-DCB-g1-4 
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Table 13: P1-DCB-g1-4 
Data point Displacement 
(mm) 
Load (kN) Crack length 
(mm) 
CCPL ܩ 
(N/mm) 
CCQL ܩ 
(N/mm) 
MCC ܩ 
(N/mm) 
NL 13.9 0.089 51.7 1.255 1.286 1.257 
5% 14.8 0.087 51.7 1.219 1.250 1.283 
1 14.8 0.087 53.9 1.285 1.323 1.264 
2 16.5 0.086 56.4 1.377 1.418 1.350 
3 18.2 0.086 58.0 1.450 1.491 1.442 
4 19.8 0.084 61.6 1.534 1.570 1.471 
5 21.5 0.080 62.6 1.455 1.486 1.473 
6 23.2 0.079 64.1 1.465 1.490 1.514 
7 24.8 0.078 66.9 1.528 1.541 1.543 
8 26.5 0.076 69.1 1.567 1.569 1.578 
9 28.2 0.076 71.7 1.652 1.639 1.631 
10 29.9 0.075 72.4 1.639 1.621 1.668 
11 31.4 0.072 75.5 1.640 1.602 1.641 
12 33.1 0.071 76.4 1.613 1.570 1.657 
13 34.8 0.071 79.5 1.733 1.665 1.713 
14 36.5 0.067 81.0 1.593 1.520 1.635 
15 38.1 0.064 84.3 1.575 1.480 1.590 
 
  
  
Figure 66: P1-DCB-g1-5 
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Table 14: P1-DCB-g1-5 
Data point Displacement 
(mm) 
Load (kN) Crack length 
(mm) 
CCPL ܩ 
(N/mm) 
CCQL ܩ 
(N/mm) 
MCC ܩ 
(N/mm) 
NL 13.8 0.074 53.6 1.058 1.395 0.999 
5% 15.0 0.075 53.6 1.089 1.436 1.077 
1 14.6 0.075 54.2 1.112 1.447 1.062 
2 16.4 0.075 56.0 1.186 1.485 1.150 
3 18.1 0.076 56.5 1.252 1.551 1.261 
4 19.6 0.076 60.1 1.394 1.606 1.332 
5 21.3 0.078 60.5 1.459 1.667 1.441 
6 23.1 0.076 61.7 1.459 1.630 1.484 
7 24.6 0.076 64.8 1.587 1.676 1.547 
8 26.3 0.075 66.5 1.615 1.655 1.588 
9 28.0 0.072 67.9 1.537 1.538 1.565 
10 29.7 0.072 69.4 1.597 1.559 1.629 
11 31.3 0.071 70.5 1.583 1.518 1.644 
12 33.0 0.071 72.2 1.647 1.538 1.701 
13 34.6 0.067 74.8 1.586 1.423 1.646 
14 36.4 0.063 79.8 1.549 1.294 1.553 
15 37.9 0.061 82.4 1.549 1.249 1.538 
16 39.6 0.061 84.2 1.609 1.267 1.584 
 
Table 15: Fracture toughness data for specimens with bending moment ratio 112 MM  
and thickness ratio 1  
Specimen Method Initiation fracture 
toughness ܩ௜௡௜௧ 
(N/mm) 
Plateaued data 
points for averaging 
Propagation 
fracture toughness 
ܩ௣௥௢௣ (N/mm) 
P1- DCB -g1-1 CCPL 1.612 4-14 1.817 
P1- DCB -g1-2 CCPL 1.188 4-13 1.661 
P1- DCB -g1-3 CCPL 1.509 4-15 1.927 
P1- DCB -g1-4 CCPL 1.237 4-15 1.583 
P1- DCB -g1-5 CCPL 1.073 9-16 1.582 
Average  1.324  1.71 
Standard deviation  0.203  0.137 
 
6.3.2. UBM testing of symmetric DCB specimens 
The UBM tests in this section have been carried out according to the experimental method 
described in Chapter 5. Now (different to in Section 6.3.1, and consistent with Chapter 5), the 
displacement was controlled at 4 mm/min, with a total displacement of 70 mm in the first test 
(which was found to be more than necessary), and with a total displacement of 65 mm in 
subsequent tests. The displacement control is faster on the UBM test as it does not correspond 
to the opening rate of the specimen, as it does for the DCB test. The opening rate in the UBM 
test is generally lower than the displacement control speed, so the displacement control can 
be safely slowed down while still approximating a quasi-static test. 
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As explained in Section 5.3, the arms are adjusted to 16.5° up for pre-cracking in mode I, and 
for mode I tests, to allow them to be horizontal at the point crack propagation begins. The 
angle required for other thickness ratios and bending moment ratios can require some trial 
and error. 
Note that there are some breaks in the load-displacement traces (subfigure a in the following 
figures): These breaks are where the test had been paused to realign the specimen, as 
described in Section 5.3. 
Bending moment ratio ࡹ૛/ࡹ૚ ൌ െ૚, Thickness ratio ࢽ ൌ ૚ 
 
  
Figure 67: P17-UBM-g1-1 
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Table 16: P17-UBM-g1-1 
Data point Displacement 
(mm) 
Load (kN) Crack length 
(mm) 
CCPL ܩ 
(N/mm) 
CCQL ܩ 
(N/mm) 
MCC ܩ 
(N/mm) 
NL 19.2 0.180 45.0 1.180 0.909 0.899 
Vis. 20.9 0.192 45.0 1.331 1.025 1.031 
5% 23.7 0.209 45.0 1.582 1.218 1.260 
1 24.3 0.211 49.5 1.581 1.292 1.297 
2 27.6 0.229 52.7 1.835 1.561 1.571 
3 31.0 0.242 58.9 2.012 1.842 1.833 
4 34.4 0.257 62.9 2.233 2.137 2.125 
5 37.9 0.266 68.0 2.353 2.378 2.369 
6 41.0 0.273 70.4 2.463 2.551 2.588 
7 44.3 0.260 80.2 2.179 2.483 2.556 
8 47.5 0.261 89.1 2.154 2.661 2.695 
 
  
  
Figure 68: P17-UBM-g1-2 
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Table 17: P17-UBM-g1-2 
Notes Displacement 
(mm) 
Load (kN) Crack length 
(mm) 
CCPL ܩ 
(N/mm) 
CCQL ܩ 
(N/mm) 
MCC ܩ 
(N/mm) 
Vis. 18.3 0.172 47.0 1.048 0.997 0.763 
NL 18.4 0.174 47.0 1.068 1.016 0.774 
5% 21.5 0.189 47.0 1.262 1.200 0.960 
1 23.4 0.196 54.0 1.317 1.277 1.066 
2 26.9 0.208 60.0 1.454 1.428 1.269 
3 29.9 0.221 63.8 1.625 1.607 1.480 
4 33.5 0.231 69.9 1.740 1.738 1.690 
5 36.8 0.241 72.9 1.881 1.886 1.907 
6 40.4 0.246 80.8 1.917 1.940 2.086 
7 43.4 0.250 87.5 1.951 1.987 2.237 
8 46.8 0.254 93.2 1.977 2.022 2.394 
 
  
  
Figure 69: P17-UBM-g1-3 
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Table 18: P17-UBM-g1-3 
Notes Displacement 
(mm) 
Load (kN) Crack length 
(mm) 
CCPL ܩ 
(N/mm) 
CCQL ܩ 
(N/mm) 
MCC ܩ 
(N/mm) 
NL 17.3 0.170 45.9 0.928 0.765 0.680 
Vis. 17.7 0.171 45.9 0.937 0.772 0.694 
5% 19.8 0.180 45.9 1.041 0.858 0.804 
1 22.7 0.196 55.9 1.189 1.059 0.989 
2 26.0 0.212 62.2 1.354 1.262 1.199 
3 29.2 0.226 65.9 1.523 1.456 1.415 
4 32.7 0.239 70.9 1.670 1.649 1.638 
5 36.2 0.247 76.1 1.766 1.803 1.839 
6 39.3 0.258 81.5 1.901 2.004 2.061 
7 42.9 0.265 87.4 1.961 2.139 2.251 
8 45.7 0.270 91.7 2.017 2.253 2.410 
 
  
  
Figure 70: P17-UBM-g1-4 
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Table 19: P17-UBM-g1-4 
Notes Displacement 
(mm) 
Load (kN) Crack length 
(mm) 
CCPL ܩ 
(N/mm) 
CCQL ܩ 
(N/mm) 
MCC ܩ 
(N/mm) 
Vis. 21.1 0.185 54.6 1.037 0.457 0.810 
NL 21.1 0.187 54.6 1.055 0.465 0.819 
5% 23.9 0.198 54.6 1.181 0.520 0.958 
1 26.0 0.204 64.0 1.211 0.790 1.058 
2 29.5 0.220 67.3 1.382 1.009 1.269 
3 32.8 0.236 72.8 1.565 1.349 1.499 
4 36.1 0.243 80.0 1.625 1.690 1.666 
5 39.4 0.253 85.2 1.734 2.033 1.862 
6 42.7 0.261 90.0 1.816 2.354 2.048 
7 46.0 0.266 94.4 1.856 2.621 2.200 
 
  
  
Figure 71: P17-UBM-g1-5 
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Table 20: P17-UBM-g1-5 
Notes Displacement 
(mm) 
Load (kN) Crack length 
(mm) 
CCPL ܩ 
(N/mm) 
CCQL ܩ 
(N/mm) 
MCC ܩ 
(N/mm) 
NL 16.8 0.159 49.0 0.801 0.731 0.576 
Vis. 17.6 0.164 49.0 0.851 0.777 0.620 
5% 19.9 0.175 49.0 0.971 0.887 0.735 
1 22.5 0.187 57.6 1.068 1.009 0.873 
2 25.9 0.200 64.0 1.187 1.147 1.044 
3 29.4 0.210 69.0 1.293 1.269 1.217 
4 32.6 0.221 76.3 1.397 1.400 1.396 
5 35.9 0.232 81.6 1.508 1.532 1.584 
6 39.2 0.240 86.9 1.595 1.640 1.762 
7 42.6 0.247 90.7 1.661 1.723 1.927 
8 45.4 0.252 98.8 1.697 1.789 2.068 
 
Table 21: Fracture toughness data for specimens with bending moment ratio 112 MM  
and thickness ratio 1  
Specimen Method Initiation fracture 
toughness ܩ௜௡௜௧ 
(N/mm) 
Plateaued data 
points for averaging 
Propagation 
fracture toughness 
ܩ௣௥௢௣ (N/mm) 
P17-UBM-g1-1 CCQL 1.051 6-8 2.565 
P17-UBM-g1-2 CCQL 1.071 5-8 1.959 
P17-UBM-g1-3 CCPL 1.960 6-8 1.960 
P17-UBM-g1-4 CCPL 1.091 5-7 1.802 
P17-UBM-g1-5 CCPL 0.875 6-8 1.651 
Average  1.210  1.987 
Standard deviation  0.428  0.347 
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Bending moment ratio ࡹ૛/ࡹ૚ ൌ െ૙. ૜૜, Thickness ratio ࢽ ൌ ૚ 
  
  
Figure 72: P17-UBM-g1-7 
Table 22: P17-UBM-g1-7 
Data point Displacement 
(mm) 
Load (kN) Crack length 
(mm) 
CCPL ܩ 
(N/mm) 
CCQL ܩ 
(N/mm) 
MCC ܩ 
(N/mm) 
Vis. 13.4 0.262 49.0 0.997 0.728 0.721 
NL 13.3 0.265 49.0 1.020 0.744 0.732 
5% 14.6 0.277 49.0 1.115 0.814 0.823 
1 17.5 0.312 54.0 1.372 1.072 1.089 
2 20.8 0.343 59.0 1.616 1.346 1.389 
3 24.0 0.365 71.7 1.722 1.663 1.654 
4 27.6 0.389 75.4 1.932 1.941 1.979 
5 31.0 0.405 86.7 2.008 2.260 2.256 
6 34.2 0.420 90.0 2.140 2.486 2.530 
7 37.3 0.421 101.4 2.077 2.672 2.690 
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Figure 73: P17-UBM-g1-8 
Table 23: P17-UBM-g1-8 
Data point Displacement 
(mm) 
Load (kN) Crack length 
(mm) 
CCPL ܩ 
(N/mm) 
CCQL ܩ 
(N/mm) 
MCC ܩ 
(N/mm) 
Vis. 13.2 0.263 48.5 1.070 1.108 0.784 
NL 13.3 0.270 48.5 1.128 1.168 0.817 
5% 14.9 0.286 48.5 1.259 1.304 0.947 
1 16.8 0.309 56.9 1.434 1.479 1.142 
2 20.2 0.346 60.4 1.779 1.829 1.502 
3 23.7 0.370 69.0 1.990 2.025 1.827 
4 27.1 0.391 74.9 2.181 2.198 2.146 
5 30.4 0.402 82.9 2.263 2.244 2.399 
6 33.5 0.405 94.4 2.250 2.170 2.590 
7 36.5 0.409 102.1 2.268 2.140 2.783 
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Figure 74: P17-UBM-g1-9 
Table 24: P17-UBM-g1-9 
Data point Displacement 
(mm) 
Load (kN) Crack length 
(mm) 
CCPL ܩ 
(N/mm) 
CCQL ܩ 
(N/mm) 
MCC ܩ 
(N/mm) 
Vis. 12.3 0.224 49.0 0.914 0.974 0.689 
NL 13.7 0.249 49.0 1.130 1.205 0.854 
5% 15.5 0.268 49.0 1.308 1.395 1.025 
1 16.9 0.279 57.0 1.383 1.453 1.143 
2 20.2 0.309 61.9 1.684 1.749 1.481 
3 23.7 0.331 69.6 1.894 1.927 1.799 
4 27.0 0.357 73.4 2.181 2.194 2.169 
5 30.3 0.375 78.1 2.392 2.370 2.509 
6 33.4 0.385 87.3 2.469 2.366 2.761 
7 36.4 0.388 94.9 2.486 2.310 2.963 
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Figure 75: P17-UBM-g1-10 
Table 25: P17-UBM-g1-10 
Data point Displacement 
(mm) 
Load (kN) Crack length 
(mm) 
CCPL ܩ 
(N/mm) 
CCQL ܩ 
(N/mm) 
MCC ܩ 
(N/mm) 
Vis. 13.0 0.234 50.9 0.992 0.844 0.755 
NL 13.7 0.243 50.9 1.067 0.908 0.824 
5% 14.5 0.253 50.9 1.162 0.989 0.904 
1 17.0 0.274 59.0 1.337 1.202 1.118 
2 20.1 0.304 63.3 1.628 1.504 1.432 
3 23.8 0.333 69.0 1.938 1.855 1.810 
4 27.1 0.353 75.7 2.149 2.140 2.131 
5 30.1 0.369 81.6 2.326 2.395 2.429 
6 33.7 0.382 87.9 2.475 2.637 2.741 
7 37.0 0.382 97.1 2.447 2.736 2.921 
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Table 26: Fracture toughness data for specimens with bending moment ratio 33.012 MM  
and thickness ratio 1  
Specimen Method Initiation fracture 
toughness ܩ௜௡௜௧ 
(N/mm) 
Plateaued data 
points for averaging 
Propagation 
fracture toughness 
ܩ௣௥௢௣ (N/mm) 
P17-UBM-g1-7 CCPL 1.044 4-7 2.039 
P17-UBM-g1-8 CCPL 1.152 4-7 2.241 
P17-UBM-g1-9 CCPL 1.117 5-7 2.449 
P17-UBM-g1-10 CCPL 1.074 5-7 2.416 
Average  1.097  2.286 
Standard deviation  0.047  0.188 
 
Bending moment ratio ࡹ૛/ࡹ૚ ൌ െ૙. ૚૞, Thickness ratio ࢽ ൌ ૚ 
  
  
Figure 76: P18-UBM-g1-1 
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Table 27: P18-UBM-g1-1 
Data point Displacement 
(mm) 
Load (kN) Crack length 
(mm) 
CCPL ܩ 
(N/mm) 
CCQL ܩ 
(N/mm) 
MCC ܩ 
(N/mm) 
NL 18.6 0.184 49.7 1.328 1.002 0.933 
Vis. 19.3 0.184 49.7 1.340 1.011 0.964 
5% 21.2 0.195 49.7 1.495 1.127 1.102 
1 24.4 0.207 57.0 1.660 1.348 1.311 
2 27.9 0.222 58.9 1.905 1.577 1.576 
3 31.0 0.229 66.1 2.006 1.775 1.766 
4 34.5 0.235 72.0 2.085 1.944 1.957 
5 37.9 0.246 77.6 2.273 2.222 2.219 
6 41.2 0.253 82.0 2.397 2.427 2.441 
7 44.5 0.257 88.4 2.442 2.599 2.616 
8 47.7 0.261 92.4 2.506 2.747 2.795 
9 51.3 0.265 100.9 2.554 2.976 2.991 
10 54.5 0.267 103.9 2.590 3.082 3.152 
11 57.8 0.267 107.8 2.589 3.162 3.286 
 
  
  
Figure 77: P18-UBM-g1-2 
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Table 28: P18-UBM-g1-2 
Data point Displacement 
(mm) 
Load (kN) Crack length 
(mm) 
CCPL ܩ 
(N/mm) 
CCQL ܩ 
(N/mm) 
MCC ܩ 
(N/mm) 
NL 17.6 0.209 49.1 1.218 0.944 1.028 
Vis. 19.2 0.221 49.1 1.364 1.057 1.177 
5% 20.0 0.229 49.1 1.468 1.137 1.268 
1 22.9 0.241 56.6 1.602 1.421 1.483 
2 24.5 0.248 60.0 1.693 1.588 1.616 
3 26.1 0.257 61.6 1.800 1.732 1.761 
4 28.0 0.265 64.2 1.917 1.920 1.930 
5 29.5 0.268 67.0 1.952 2.040 2.028 
6 30.8 0.273 69.4 2.015 2.180 2.136 
7 32.7 0.279 71.7 2.095 2.341 2.286 
 
  
  
Figure 78: P18-UBM-g1-3 
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Table 29: P18-UBM-g1-3 
Data point Displacement 
(mm) 
Load (kN) Crack length 
(mm) 
CCPL ܩ 
(N/mm) 
CCQL ܩ 
(N/mm) 
MCC ܩ 
(N/mm) 
5% 19.6 0.232 48.5 1.614 1.590 1.327 
Vis. 18.2 0.221 48.5 1.466 1.445 1.183 
NL 18.5 0.224 48.5 1.506 1.484 1.217 
1 22.1 0.243 54.3 1.755 1.739 1.527 
2 25.5 0.259 58.4 1.984 1.974 1.834 
3 28.6 0.265 66.2 2.042 2.042 2.033 
4 32.0 0.269 72.0 2.089 2.096 2.236 
5 35.2 0.284 77.0 2.314 2.326 2.560 
6 38.5 0.296 80.0 2.505 2.521 2.875 
 
  
  
Figure 79: P18-UBM-g1-4 
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Table 30: P18-UBM-g1-4 
Data point Displacement 
(mm) 
Load (kN) Crack length 
(mm) 
CCPL ܩ 
(N/mm) 
CCQL ܩ 
(N/mm) 
MCC ܩ 
(N/mm) 
NL 18.2 0.251 54.2 1.666 1.284 1.339 
5% 18.7 0.254 54.2 1.712 1.320 1.389 
Vis. 20.5 0.268 54.2 1.903 1.467 1.582 
1 24.8 0.293 57.0 2.268 1.850 2.024 
2 28.4 0.308 62.0 2.494 2.235 2.362 
3 31.5 0.322 67.0 2.723 2.658 2.689 
4 34.9 0.331 72.0 2.876 3.038 2.995 
5 38.1 0.338 77.8 2.985 3.433 3.260 
6 41.7 0.349 80.4 3.179 3.787 3.614 
 
  
  
Figure 80: P18-UBM-g1-5 
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Table 31: P18-UBM-g1-5 
Data point Displacement 
(mm) 
Load (kN) Crack length 
(mm) 
CCPL ܩ 
(N/mm) 
CCQL ܩ 
(N/mm) 
MCC ܩ 
(N/mm) 
NL 15.9 0.193 53.6 1.103 1.349 0.875 
Vis. 16.8 0.197 53.6 1.151 1.407 0.933 
5% 17.0 0.199 53.6 1.172 1.433 0.953 
1 19.0 0.214 55.9 1.355 1.623 1.132 
2 22.3 0.227 62.0 1.520 1.722 1.363 
3 25.6 0.243 67.0 1.735 1.873 1.636 
4 29.2 0.256 72.0 1.920 1.967 1.916 
5 32.3 0.262 74.0 2.012 2.018 2.117 
6 35.6 0.267 86.6 2.062 1.780 2.305 
7 39.0 0.266 94.2 2.050 1.592 2.444 
 
Table 32: Fracture toughness data for specimens with bending moment ratio 15.012 MM  
and thickness ratio 1  
Specimen Method Initiation fracture 
toughness ܩ௜௡௜௧ 
(N/mm) 
Plateaued data 
points for averaging 
Propagation 
fracture toughness 
ܩ௣௥௢௣ (N/mm) 
P18-UBM-g1-1 CCPL 1.388 6-11 2.513 
P18-UBM-g1-2 CCPL 1.350 4-7 1.995 
P18-UBM-g1-3 CCPL 1.529 2-4 2.038 
P18-UBM-g1-4 CCPL 1.761 3-5 2.861 
P18-UBM-g1-5 CCPL 1.142 4-7 2.011 
Average  1.434  2.284 
Standard deviation  0.229  0.389 
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Bending moment ratio ࡹ૛/ࡹ૚ ൌ ૙, Thickness ratio ࢽ ൌ ૚ 
   
  
Figure 81: P18-UBM-g1-6 
Table 33: P18-UBM-g1-6 
Data point Displacement 
(mm) 
Load (kN) Crack length 
(mm) 
CCPL ܩ 
(N/mm) 
CCQL ܩ 
(N/mm) 
MCC ܩ 
(N/mm) 
Vis. 17.5 0.527 49.6 3.722 3.612 3.169 
5% 17.7 0.539 49.6 3.891 3.776 3.289 
NL 17.9 0.543 49.6 3.961 3.843 3.349 
1 19.5 0.563 53.0 4.269 4.164 3.708 
2 21.2 0.577 56.2 4.518 4.429 4.068 
3 22.8 0.592 59.5 4.774 4.707 4.416 
4 24.5 0.603 62.5 4.981 4.936 4.752 
5 26.3 0.588 65.8 4.758 4.743 4.816 
6 28.0 0.603 69.3 5.027 5.042 5.182 
7 29.6 0.608 72.7 5.129 5.177 5.443 
8 31.4 0.631 74.4 5.539 5.608 5.949 
9 33.1 0.656 77.0 6.002 6.106 6.480 
10 34.6 0.633 81.0 5.619 5.760 6.379 
11 36.2 0.639 82.6 5.732 5.894 6.646 
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Figure 82: P18-UBM-g1-7 
Table 34: P18-UBM-g1-7 
Data point Displacement 
(mm) 
Load (kN) Crack length 
(mm) 
CCPL ܩ 
(N/mm) 
CCQL ܩ 
(N/mm) 
MCC ܩ 
(N/mm) 
5% 19.3 0.502 49.8 2.982 3.813 2.493 
NL 19.9 0.509 49.8 3.058 3.911 2.589 
Vis. 21.0 0.505 49.8 3.017 3.858 2.662 
1 22.6 0.535 52.0 3.340 4.115 3.012 
2 24.6 0.549 57.0 3.447 3.855 3.299 
3 26.0 0.562 58.4 3.582 3.887 3.528 
4 27.9 0.573 62.0 3.675 3.665 3.799 
5 29.3 0.572 64.7 3.620 3.363 3.915 
6 31.1 0.612 67.0 4.106 3.569 4.453 
7 32.9 0.625 69.3 4.253 3.437 4.760 
8 34.3 0.643 72.0 4.456 3.274 5.089 
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Figure 83: P18-UBM-g1-8 
Table 35: P18-UBM-g1-8 
Data point Displacement 
(mm) 
Load (kN) Crack length 
(mm) 
CCPL ܩ 
(N/mm) 
CCQL ܩ 
(N/mm) 
MCC ܩ 
(N/mm) 
5% 13.5 0.447 48.9 2.361 1.558 1.792 
Vis. 17.2 0.520 48.9 3.192 2.106 2.579 
NL 17.2 0.525 48.9 3.247 2.143 2.600 
1 20.4 0.552 55.5 3.563 2.733 3.123 
2 21.8 0.584 57.9 3.969 3.200 3.520 
3 23.7 0.590 60.6 4.033 3.431 3.763 
4 25.3 0.600 65.8 4.152 3.888 4.025 
5 26.9 0.615 67.0 4.356 4.165 4.340 
6 28.5 0.646 70.8 4.777 4.870 4.804 
7 30.2 0.634 75.0 4.580 4.991 4.877 
8 31.9 0.629 80.0 4.489 5.268 5.004 
9 33.6 0.635 82.0 4.566 5.512 5.244 
10 35.1 0.642 85.1 4.662 5.872 5.487 
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Figure 84: P18-UBM-g1-9 
Table 36: P18-UBM-g1-9 
Data point Displacement 
(mm) 
Load (kN) Crack length 
(mm) 
CCPL ܩ 
(N/mm) 
CCQL ܩ 
(N/mm) 
MCC ܩ 
(N/mm) 
5% 14.5 0.416 48.1 2.230 2.172 1.736 
Vis. 17.1 0.467 48.1 2.820 2.748 2.259 
NL 19.0 0.491 48.1 3.115 3.035 2.593 
1 19.1 0.486 49.8 3.037 2.969 2.566 
2 20.6 0.508 54.1 3.271 3.223 2.865 
3 22.4 0.531 55.7 3.563 3.521 3.211 
4 24.0 0.552 57.0 3.834 3.796 3.540 
5 25.6 0.562 60.2 3.937 3.917 3.781 
6 27.6 0.575 62.0 4.111 4.100 4.101 
7 28.9 0.600 65.9 4.440 4.450 4.485 
8 30.8 0.595 70.1 4.327 4.358 4.623 
9 32.5 0.603 72.0 4.427 4.467 4.878 
10 34.1 0.623 76.4 4.672 4.734 5.255 
11 35.7 0.593 83.0 4.191 4.269 5.080 
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Table 37: Fracture toughness data for specimens with bending moment ratio 012 MM  and 
thickness ratio 1  
Specimen Method Initiation fracture 
toughness ܩ௜௡௜௧ 
(N/mm) 
Plateaued data 
points for averaging 
Propagation 
fracture toughness 
ܩ௣௥௢௣ (N/mm) 
P18-UBM-g1-6 CCPL 3.858 3-7 4.934 
P18-UBM-g1-7 CCPL 3.019 6-8 4.271 
P18-UBM-g1-8 CCPL 2.933 6-10 4.615 
P18-UBM-g1-9 CCPL 2.722 7-11 4.412 
Average  3.133  4.558 
Standard deviation  0.499  0.288 
 
Bending moment ratio ࡹ૛/ࡹ૚ ൌ ૙. ૚૞, Thickness ratio ࢽ ൌ ૚ 
  
  
Figure 85: P10-UBM-g1-2 
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Table 38: P10-UBM-g1-2 
Data point Displacement 
(mm) 
Load (kN) Crack length 
(mm) 
CCPL ܩ 
(N/mm) 
CCQL ܩ 
(N/mm) 
MCC ܩ 
(N/mm) 
NL 22.1 0.312 41.0 1.966 1.622 1.317 
5% 21.9 0.315 41.0 1.993 1.645 1.324 
Vis. 31.1 0.368 41.0 2.733 2.255 2.060 
1 34.2 0.412 41.5 3.400 2.823 2.552 
2 37.9 0.455 42.4 4.103 3.444 3.115 
3 41.0 0.470 43.3 4.328 3.672 3.426 
4 44.3 0.501 45.2 4.822 4.183 3.929 
5 47.7 0.499 53.5 4.419 4.181 4.114 
6 51.0 0.493 61.1 4.046 4.102 4.230 
7 54.4 0.507 70.9 3.986 4.372 4.586 
8 57.6 0.504 76.6 3.792 4.334 4.725 
9 61.3 0.493 85.1 3.454 4.177 4.783 
 
  
  
Figure 86: P10-UBM-g1-3 
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Table 39: P10-UBM-g1-3 
Data point Displacement 
(mm) 
Load (kN) Crack length 
(mm) 
CCPL ܩ 
(N/mm) 
CCQL ܩ 
(N/mm) 
MCC ܩ 
(N/mm) 
NL 25.6 0.342 46.0 2.070 2.089 1.537 
5% 30.1 0.398 46.0 2.810 2.836 2.100 
Vis. 38.2 0.483 46.0 4.135 4.173 3.190 
1 38.4 0.485 48.3 4.084 4.137 3.214 
2 41.8 0.498 52.5 4.160 4.229 3.528 
3 45.3 0.499 60.1 3.948 4.003 3.732 
4 48.8 0.495 69.8 3.641 3.624 3.877 
5 51.7 0.498 76.9 3.547 3.449 4.066 
6 55.1 0.498 85.1 3.395 3.180 4.240 
 
  
  
Figure 87: P10-UBM-g1-4 
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Table 40: P10-UBM-g1-4 
Data point Displacement 
(mm) 
Load (kN) Crack length 
(mm) 
CCPL ܩ 
(N/mm) 
CCQL ܩ 
(N/mm) 
MCC ܩ 
(N/mm) 
NL 30.2 0.363 44.0 3.194 2.241 2.398 
5% 32.4 0.380 44.0 3.506 2.459 2.674 
Vis. 32.6 0.381 44.0 3.512 2.463 2.687 
1 36.2 0.410 44.8 4.054 2.894 3.184 
2 39.5 0.415 52.8 3.881 3.262 3.420 
3 43.0 0.431 56.3 4.099 3.678 3.814 
4 45.9 0.444 61.3 4.209 4.126 4.148 
5 49.4 0.443 68.0 4.023 4.401 4.341 
6 52.6 0.446 74.7 3.935 4.764 4.567 
7 56.0 0.434 82.9 3.568 4.845 4.582 
 
 
  
Figure 88: P10-UBM-g1-5 
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Table 41: P10-UBM-g1-5 
Data point Displacement 
(mm) 
Load (kN) Crack length 
(mm) 
CCPL ܩ 
(N/mm) 
CCQL ܩ 
(N/mm) 
MCC ܩ 
(N/mm) 
NL 25.8 0.312 45.0 2.060 1.397 1.518 
5% 28.2 0.327 45.0 2.271 1.541 1.720 
Vis. 30.0 0.340 45.0 2.443 1.658 1.882 
1 33.2 0.357 46.0 2.672 1.863 2.152 
2 36.7 0.380 49.0 2.932 2.213 2.501 
3 39.6 0.402 52.0 3.199 2.603 2.841 
4 43.1 0.421 58.4 3.306 3.120 3.188 
5 46.1 0.417 65.1 3.088 3.355 3.301 
6 49.6 0.420 74.0 2.946 3.787 3.502 
7 52.8 0.429 77.7 3.003 4.118 3.754 
 
Table 42: Fracture toughness data for specimens with bending moment ratio 15.012 MM  
and thickness ratio 1  
Specimen Method Initiation fracture 
toughness ܩ௜௡௜௧ 
(N/mm) 
Plateaued data 
points for averaging 
Propagation 
fracture toughness 
ܩ௣௥௢௣ (N/mm) 
P10-UBM-g1-2 CCQL 1.841 4-9 4.225 
P10-UBM-g1-3 MCC 2.276 3-6 3.979 
P10-UBM-g1-4 MCC 2.586 5-7 4.497 
P10-UBM-g1-5 CCPL 2.258 3-7 3.108 
Average  2.240  3.952 
Standard deviation  0.306  0.601 
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Bending moment ratio ࡹ૛/ࡹ૚ ൌ ૙. ૛૞, Thickness ratio ࢽ ൌ ૚ 
  
  
Figure 89: P10-UBM-g1-6 
Table 43: P10-UBM-g1-6 
Data point Displacement 
(mm) 
Load (kN) Crack length 
(mm) 
CCPL ܩ 
(N/mm) 
CCQL ܩ 
(N/mm) 
MCC ܩ 
(N/mm) 
NL 12.4 0.373 46.7 1.678 1.697 1.244 
5% 14.3 0.373 46.7 1.672 1.691 1.361 
Vis. 17.0 0.404 46.7 1.969 1.991 1.708 
1 18.4 0.437 47.1 2.297 2.323 1.993 
2 22.1 0.497 51.7 2.895 2.923 2.673 
3 25.0 0.571 51.8 3.819 3.855 3.494 
4 28.3 0.613 51.8 4.393 4.435 4.174 
5 31.3 0.666 54.8 5.107 5.143 4.982 
6 34.7 0.706 57.4 5.665 5.687 5.764 
7 37.9 0.727 64.7 5.812 5.759 6.361 
8 41.4 0.725 71.8 5.622 5.469 6.726 
 
NL
5%Vis.
0
0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9
0 10 20 30 40 50
Lo
ad
 (k
N
)
Displacement (mm)
(a)
R² = 0.974
R² = 0.970
35
40
45
50
55
60
40 50 60 70 80 90
Co
m
pl
ia
nc
e (
m
m
/k
N
)
Crack length (mm)
(b)
R² = 0.969
6
8
10
12
14
3.2 3.4 3.6 3.8 4.0N
or
m
al
is
ed
 cra
ck
 len
gt
h
Cube root of compliance (mm/kN)1/3
(c)
0.0
1.0
2.0
3.0
4.0
5.0
6.0
7.0
40 50 60 70 80 90Fr
ac
t. t
ou
gh
ne
ss
 (N
/m
m
)
Crack length (mm)
(d)
CCPL
CCQL
MCC
 
6. Fracture toughness test results 161 
 
  
  
Figure 90: P10-UBM-g1-7 
Table 44: P10-UBM-g1-7 
Data point Displacement 
(mm) 
Load (kN) Crack length 
(mm) 
CCPL ܩ 
(N/mm) 
CCQL ܩ 
(N/mm) 
MCC ܩ 
(N/mm) 
NL 20.3 0.574 49.0 2.902 1.941 2.089 
Vis. 20.7 0.579 49.0 2.957 1.978 2.145 
NL 22.8 0.606 49.0 3.232 2.162 2.421 
1 26.3 0.613 53.2 3.192 2.360 2.710 
2 29.6 0.611 66.0 2.869 2.776 2.921 
3 32.6 0.657 74.0 3.143 3.520 3.432 
4 36.1 0.649 84.6 2.883 3.837 3.610 
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Figure 91: P10-UBM-g1-8 
Table 45: P10-UBM-g1-8 
Data point Displacement 
(mm) 
Load (kN) Crack length 
(mm) 
CCPL ܩ 
(N/mm) 
CCQL ܩ 
(N/mm) 
MCC ܩ 
(N/mm) 
NL 20.0 0.562 46.5 3.371 2.857 2.564 
5% 20.3 0.567 46.5 3.424 2.902 2.618 
Vis. 20.5 0.567 46.5 3.428 2.906 2.636 
1 22.9 0.596 49.0 3.717 3.232 3.031 
2 26.2 0.621 54.4 3.905 3.576 3.510 
3 29.3 0.630 64.0 3.809 3.793 3.851 
4 32.4 0.672 70.5 4.184 4.389 4.484 
5 36.2 0.653 82.6 3.748 4.293 4.644 
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Figure 92: P10-UBM-g1-9 
Table 46: P10-UBM-g1-9 
Data point Displacement 
(mm) 
Load (kN) Crack length 
(mm) 
CCPL ܩ 
(N/mm) 
CCQL ܩ 
(N/mm) 
MCC ܩ 
(N/mm) 
NL 18.5 0.529 46.5 2.903 1.683 2.074 
Vis. 19.7 0.520 46.5 2.810 1.629 2.120 
NL 19.8 0.522 46.5 2.824 1.637 2.136 
1 23.0 0.556 48.7 3.158 1.976 2.573 
2 26.3 0.581 56.1 3.260 2.565 2.978 
3 29.8 0.606 67.7 3.309 3.501 3.426 
4 33.3 0.629 74.5 3.431 4.209 3.872 
5 36.3 0.613 84.6 3.103 4.623 3.960 
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Figure 93: P10-UBM-g1-10 
Table 47: P10-UBM-g1-10 
Data point Displacement 
(mm) 
Load (kN) Crack length 
(mm) 
CCPL ܩ 
(N/mm) 
CCQL ܩ 
(N/mm) 
MCC ܩ 
(N/mm) 
5% 19.8 0.613 42.6 3.048 2.446 2.120 
NL 20.6 0.630 42.6 3.225 2.589 2.258 
Vis. 23.2 0.679 42.6 3.743 3.004 2.703 
1 24.8 0.703 43.4 3.983 3.230 2.958 
2 28.2 0.740 46.6 4.261 3.595 3.451 
3 31.5 0.750 60.2 3.883 3.793 3.781 
4 34.7 0.769 67.9 3.865 4.054 4.169 
5 38.0 0.776 79.7 3.653 4.223 4.488 
6 41.7 0.791 87.5 3.633 4.453 4.900 
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Table 48: Fracture toughness data for specimens with bending moment ratio 25.012 MM  
and thickness ratio 1  
Specimen Method Initiation fracture 
toughness ܩ௜௡௜௧ 
(N/mm) 
Plateaued data 
points for averaging 
Propagation 
fracture toughness 
ܩ௣௥௢௣ (N/mm) 
P10-UBM-g1-6 CCPL 1.773 5-8 5.552 
P10-UBM-g1-7 MCC 2.218 2-4 3.321 
P10-UBM-g1-8 CCPL 3.408 1-5 3.872 
P10-UBM-g1-9 CCPL 2.846 1-5 3.252 
P10-UBM-g1-10 CCQL 2.679 4-6 4.243 
Average  2.585  4.048 
Standard deviation  0.622  0.935 
 
Bending moment ratio ࡹ૛/ࡹ૚ ൌ ૙. ૝, Thickness ratio ࢽ ൌ ૚ 
  
  
Figure 94: P11-UBM-g1-6 
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Table 49: P11-UBM-g1-6 
Data point Displacement 
(mm) 
Load (kN) Crack length 
(mm) 
CCPL ܩ 
(N/mm) 
CCQL ܩ 
(N/mm) 
MCC ܩ 
(N/mm) 
NL 23.7 0.305 47.0 1.451 3.361 1.323 
5% 24.2 0.306 47.0 1.463 3.390 1.348 
Vis. 26.6 0.309 47.0 1.487 3.445 1.450 
1 29.1 0.342 49.0 1.779 3.729 1.766 
2 32.6 0.362 51.3 1.945 3.552 2.056 
3 35.9 0.406 51.6 2.431 4.350 2.550 
4 39.5 0.438 52.2 2.811 4.823 3.006 
5 42.6 0.465 52.3 3.171 5.401 3.429 
6 45.9 0.514 52.3 3.877 6.603 4.124 
7 49.2 0.548 52.3 4.394 7.483 4.693 
8 52.6 0.575 52.3 4.854 8.267 5.242 
9 55.9 0.597 55.8 5.032 6.268 5.737 
10 59.4 0.613 60.9 5.041 2.568 6.181 
11 61.4 0.629 66.0 5.065 -1.545 6.538 
 
  
  
Figure 95: P11-UBM-g1-7 
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Table 50: P11-UBM-g1-7 
Data point Displacement 
(mm) 
Load (kN) Crack length 
(mm) 
CCPL ܩ 
(N/mm) 
CCQL ܩ 
(N/mm) 
MCC ܩ 
(N/mm) 
5% 29.6 0.520 47.3 3.776 3.736 2.780 
NL 29.7 0.517 47.3 3.731 3.691 2.767 
Vis. 35.7 0.585 47.3 4.772 4.722 3.686 
1 36.5 0.591 49.0 4.791 4.765 3.793 
2 39.6 0.623 52.6 5.138 5.158 4.296 
3 43.0 0.627 62.3 4.786 4.852 4.577 
4 46.3 0.645 68.2 4.848 4.899 4.998 
5 49.8 0.632 76.4 4.405 4.389 5.106 
6 53.0 0.645 88.5 4.258 4.072 5.462 
 
  
  
Figure 96: P11-UBM-g1-8 
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Table 51: P11-UBM-g1-8 
Data point Displacement 
(mm) 
Load (kN) Crack length 
(mm) 
CCPL ܩ 
(N/mm) 
CCQL ܩ 
(N/mm) 
MCC ܩ 
(N/mm) 
NL 28.8 0.500 45.3 3.396 5.170 2.203 
5% 30.4 0.520 45.3 3.681 5.604 2.407 
Vis. 35.8 0.573 45.3 4.456 6.782 3.049 
1 39.4 0.582 54.0 4.216 6.013 3.324 
2 42.6 0.576 60.6 3.900 5.152 3.457 
3 46.2 0.590 67.7 3.872 4.571 3.764 
4 49.3 0.610 72.2 4.000 4.309 4.106 
5 52.8 0.606 81.8 3.704 3.058 4.258 
6 56.0 0.616 97.9 3.501 1.096 4.528 
 
  
  
Figure 97: P11-UBM-g1-9 
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Table 52: P11-UBM-g1-9 
Data point Displacement 
(mm) 
Load (kN) Crack length 
(mm) 
CCPL ܩ 
(N/mm) 
CCQL ܩ 
(N/mm) 
MCC ܩ 
(N/mm) 
5% 17.2 0.369 41.0 1.969 2.124 1.265 
NL 23.4 0.452 41.0 2.960 3.193 2.035 
1 33.1 0.599 49.7 4.800 5.166 3.734 
2 36.6 0.605 51.1 4.846 5.204 4.046 
3 40.1 0.618 58.3 4.801 5.057 4.430 
4 43.4 0.627 65.4 4.715 4.815 4.760 
5 46.5 0.635 76.3 4.541 4.327 5.065 
6 50.0 0.628 85.0 4.252 3.757 5.240 
7 53.1 0.641 90.8 4.318 3.587 5.611 
 
  
  
Figure 98: P11-UBM-g1-10 
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Table 53: P11-UBM-g1-10 
Data point Displacement 
(mm) 
Load (kN) Crack length 
(mm) 
CCPL ܩ 
(N/mm) 
CCQL ܩ 
(N/mm) 
MCC ܩ 
(N/mm) 
NL 19.8 0.404 45.2 2.275 1.792 1.297 
5% 20.3 0.410 45.2 2.339 1.842 1.343 
1 43.2 0.595 72.4 4.034 3.851 3.655 
2 46.5 0.626 76.8 4.355 4.257 4.109 
3 50.2 0.633 84.1 4.275 4.333 4.378 
4 53.1 0.637 94.2 4.127 4.376 4.591 
5 56.5 0.636 101.4 3.991 4.356 4.775 
6 60.0 0.643 111.2 3.920 4.435 5.045 
 
Table 54: Fracture toughness data for specimens with bending moment ratio 4.012 MM  
and thickness ratio 1  
Specimen Method Initiation fracture 
toughness ܩ௜௡௜௧ 
(N/mm) 
Plateaued data 
points for averaging 
Propagation 
fracture toughness 
ܩ௣௥௢௣ (N/mm) 
P11-UBM-g1-6 CCPL 1.467 9–11 5.046 
P11-UBM-g1-7 MCC 3.078 4–6 5.189 
P11-UBM-g1-8 MCC 2.553 4–6 4.297 
P11-UBM-g1-9 MCC 1.650 4–6 5.021 
P11-UBM-g1-10 CCQL 1.817 3–6 4.375 
Average  2.113  4.786 
Standard deviation  0.679  0.416 
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Bending moment ratio ࡹ૛/ࡹ૚ ൌ ૙. ૟, Thickness ratio ࢽ ൌ ૚ 
  
  
Figure 99: P12-UBM-g1-1 
Table 55: P12-UBM-g1-1 
Data point Displacement 
(mm) 
Load (kN) Crack length 
(mm) 
CCPL ܩ 
(N/mm) 
CCQL ܩ 
(N/mm) 
MCC ܩ 
(N/mm) 
NL 44.6 0.533 45.5 6.024 3.545 4.510 
5% 45.5 0.539 45.5 6.155 3.622 4.636 
1 46.3 0.538 47.6 6.001 3.727 4.683 
2 50.0 0.528 54.5 5.428 3.992 4.812 
3 52.9 0.514 64.0 4.765 4.294 4.823 
4 56.4 0.549 75.8 5.008 5.615 5.489 
5 59.8 0.528 79.7 4.519 5.410 5.415 
6 63.1 0.522 88.1 4.214 5.758 5.531 
7 66.4 0.521 95.4 4.031 6.123 5.699 
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Figure 100: P12-UBM-g1-2 
Table 56: P12-UBM-g1-2 
Data point Displacement 
(mm) 
Load (kN) Crack length 
(mm) 
CCPL ܩ 
(N/mm) 
CCQL ܩ 
(N/mm) 
MCC ܩ 
(N/mm) 
NL 45.1 0.583 45.8 6.404 4.055 4.721 
5% 46.0 0.585 45.8 6.441 4.078 4.800 
1 50.8 0.592 51.2 6.268 4.444 5.206 
2 54.3 0.601 59.0 6.059 4.985 5.560 
3 57.4 0.608 70.8 5.701 5.716 5.859 
4 60.6 0.601 74.0 5.463 5.754 5.984 
5 64.1 0.598 80.8 5.198 6.044 6.175 
6 67.4 0.595 83.2 5.069 6.095 6.337 
7 71.4 0.603 96.0 4.881 6.927 6.707 
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Figure 101: P12-UBM-g1-3 
Table 57: P12-UBM-g1-3 
Data point Displacement 
(mm) 
Load (kN) Crack length 
(mm) 
CCPL ܩ 
(N/mm) 
CCQL ܩ 
(N/mm) 
MCC ܩ 
(N/mm) 
5% 41.8 0.585 47.7 5.425 3.426 4.095 
NL 43.9 0.607 47.7 5.841 3.689 4.447 
Vis. 44.8 0.616 47.7 6.019 3.802 4.595 
1 46.2 0.620 49.0 6.010 3.918 4.728 
2 49.7 0.613 54.0 5.622 4.117 4.888 
3 53.1 0.621 62.1 5.413 4.698 5.194 
4 56.3 0.623 76.7 4.951 5.591 5.427 
5 59.8 0.619 79.0 4.828 5.661 5.607 
6 63.1 0.620 82.7 4.736 5.886 5.817 
7 66.3 0.597 96.2 4.106 6.198 5.722 
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Figure 102: P12-UBM-g1-4 
Table 58: P12-UBM-g1-4 
Data point Displacement 
(mm) 
Load (kN) Crack length 
(mm) 
CCPL ܩ 
(N/mm) 
CCQL ܩ 
(N/mm) 
MCC ܩ 
(N/mm) 
NL 30.7 0.471 50.6 4.040 4.495 2.643 
5% 31.2 0.470 50.6 4.012 4.464 2.658 
1 43.0 0.538 56.9 5.022 5.531 3.945 
2 46.3 0.544 61.9 4.967 5.395 4.209 
3 49.4 0.525 70.5 4.386 4.595 4.193 
4 53.0 0.532 79.7 4.285 4.250 4.470 
5 56.3 0.554 83.2 4.562 4.412 4.911 
6 59.6 0.560 92.6 4.463 3.979 5.173 
7 63.0 0.548 102.5 4.100 3.276 5.210 
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Figure 103: P12-UBM-g1-5 
Table 59: P12-UBM-g1-5 
Data point Displacement 
(mm) 
Load (kN) Crack length 
(mm) 
CCPL ܩ 
(N/mm) 
CCQL ܩ 
(N/mm) 
MCC ܩ 
(N/mm) 
NL 27.8 0.423 50.6 3.075 3.452 2.153 
5% 36.6 0.507 50.6 4.427 4.969 3.301 
1 39.8 0.538 54.0 4.864 5.418 3.779 
2 43.5 0.571 55.9 5.405 5.987 4.335 
3 46.7 0.553 62.5 4.849 5.238 4.349 
4 49.9 0.547 72.5 4.491 4.590 4.489 
5 53.4 0.551 80.5 4.368 4.205 4.733 
6 56.9 0.583 83.5 4.830 4.530 5.324 
7 59.8 0.563 95.3 4.288 3.549 5.259 
8 63.3 0.577 99.7 4.427 3.462 5.644 
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Table 60: Fracture toughness data for specimens with bending moment ratio 6.012 MM  
and thickness ratio 1  
Specimen Method Initiation fracture 
toughness ܩ௜௡௜௧ 
(N/mm) 
Plateaued data 
points for averaging 
Propagation 
fracture toughness 
ܩ௣௥௢௣ (N/mm) 
P12-UBM-g1-1 MCC 4.573 4–7 5.534 
P12-UBM-g1-2 MCC 4.760 2–5 5.895 
P12-UBM-g1-3 MCC 3.639 3–7 5.607 
P12-UBM-g1-4 MCC 2.651 5–7 5.098 
P12-UBM-g1-5 MCC 2.727 2–5 4.476 
Average  3.670  5.322 
Standard deviation  0.991  0.552 
 
6.3.3. UBM testing of asymmetric DCB specimens 
The UBM tests in this section have been carried out according to the experimental method 
described in Chapter 5. The notes at the start of Section6.3.2 are also applicable here. 
Bending moment ratio ࡹ૛/ࡹ૚ ൌ െ૛, Thickness ratio ࢽ ൌ ૛ 
 
  
Figure 104: P13-UBM-g2-1 
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Table 61: P13-UBM-g2-1 
Data point Displacement 
(mm) 
Load (kN) Crack length 
(mm) 
CCPL ܩ 
(N/mm) 
CCQL ܩ 
(N/mm) 
MCC ܩ 
(N/mm) 
Vis. 18.0 0.439 54.5 2.461 2.902 1.998 
NL 21.2 0.495 54.5 3.131 3.693 2.622 
5% 19.9 0.467 54.5 2.782 3.281 2.324 
1 23.7 0.536 57.6 3.630 4.177 3.133 
2 25.2 0.546 62.2 3.718 4.112 3.340 
3 26.9 0.557 63.9 3.850 4.193 3.584 
4 28.5 0.564 67.4 3.914 4.121 3.791 
5 30.4 0.577 69.3 4.089 4.224 4.084 
6 32.1 0.598 71.0 4.368 4.432 4.444 
7 33.4 0.610 75.0 4.509 4.377 4.686 
8 35.2 0.619 79.1 4.604 4.255 4.946 
9 36.9 0.609 82.7 4.416 3.897 4.989 
10 38.5 0.632 84.2 4.747 4.106 5.399 
11 39.8 0.645 87.1 4.919 4.084 5.671 
 
  
  
Figure 105: P13-UBM-g2-2 
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Table 62: P13-UBM-g2-2 
Data point Displacement 
(mm) 
Load (kN) Crack length 
(mm) 
CCPL ܩ 
(N/mm) 
CCQL ܩ 
(N/mm) 
MCC ܩ 
(N/mm) 
5% 17.4 0.359 56.0 1.640 0.346 1.447 
Vis. 21.1 0.418 56.0 2.229 0.471 2.020 
NL 21.6 0.441 56.0 2.478 0.523 2.202 
1 23.1 0.457 58.8 2.625 0.869 2.413 
2 24.8 0.477 63.6 2.792 1.519 2.681 
3 26.5 0.498 66.0 3.016 1.970 2.965 
4 28.0 0.512 69.9 3.133 2.618 3.189 
5 29.8 0.528 72.8 3.294 3.210 3.465 
6 31.4 0.543 74.8 3.448 3.695 3.719 
7 32.8 0.558 76.0 3.635 4.109 3.984 
8 34.7 0.582 81.5 3.875 5.449 4.368 
9 36.2 0.584 83.2 3.874 5.784 4.515 
10 37.9 0.577 86.0 3.741 6.127 4.579 
11 39.5 0.578 88.1 3.732 6.523 4.718 
 
  
  
Figure 106: P13-UBM-g2-3 
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Table 63: P13-UBM-g2-3 
Data point Displacement 
(mm) 
Load (kN) Crack length 
(mm) 
CCPL ܩ 
(N/mm) 
CCQL ܩ 
(N/mm) 
MCC ܩ 
(N/mm) 
NL 19.3 0.448 53.6 2.083 1.395 1.624 
Vis. 22.4 0.483 53.6 2.423 1.623 1.984 
5% 24.2 0.518 53.6 2.790 1.869 2.298 
1 23.6 0.514 55.6 2.714 1.904 2.237 
2 25.2 0.523 61.0 2.716 2.141 2.389 
3 27.0 0.542 63.6 2.867 2.383 2.625 
4 28.5 0.556 66.0 2.981 2.597 2.815 
5 30.1 0.579 71.0 3.140 3.003 3.080 
6 31.7 0.601 73.4 3.347 3.339 3.354 
7 33.5 0.605 77.7 3.323 3.566 3.511 
8 35.2 0.624 80.5 3.484 3.914 3.772 
9 36.8 0.643 81.0 3.696 4.185 4.054 
10 38.6 0.660 82.5 3.865 4.481 4.327 
11 40.2 0.663 85.8 3.842 4.686 4.470 
12 41.9 0.674 89.7 3.909 5.049 4.699 
13 43.6 0.681 93.9 3.921 5.375 4.889 
 
 
  
Figure 107: P13-UBM-g2-4 
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Table 64: P13-UBM-g2-4 
Data point Displacement 
(mm) 
Load (kN) Crack length 
(mm) 
CCPL ܩ 
(N/mm) 
CCQL ܩ 
(N/mm) 
MCC ܩ 
(N/mm) 
NL 17.9 0.401 52.4 1.756 1.254 1.432 
Vis. 22.3 0.502 52.4 2.755 1.967 2.238 
5% 25.2 0.547 52.4 3.265 2.332 2.718 
1 19.2 0.434 54.5 2.032 1.505 1.669 
2 20.8 0.471 56.7 2.368 1.819 1.961 
3 22.4 0.497 59.5 2.600 2.090 2.213 
4 24.3 0.522 61.7 2.840 2.363 2.491 
5 26.0 0.552 63.1 3.167 2.693 2.815 
6 27.5 0.577 66.0 3.418 3.035 3.104 
7 29.2 0.588 69.4 3.497 3.261 3.305 
8 31.0 0.590 73.6 3.459 3.417 3.456 
9 32.6 0.603 76.6 3.581 3.682 3.684 
10 34.3 0.620 78.5 3.758 3.959 3.948 
11 35.8 0.634 81.0 3.900 4.241 4.190 
12 37.5 0.642 84.6 3.942 4.480 4.388 
13 39.4 0.653 86.9 4.055 4.736 4.644 
14 40.9 0.664 90.2 4.148 5.035 4.867 
15 42.7 0.672 93.4 4.205 5.291 5.083 
16 44.3 0.686 95.0 4.370 5.596 5.368 
 
  
  
Figure 108: P13-UBM-g2-5 
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Table 65: P13-UBM-g2-5 
Data point 
 
Displacement 
(mm) 
Load (kN) Crack length 
(mm) 
CCPL ܩ 
(N/mm) 
CCQL ܩ 
(N/mm) 
MCC ܩ 
(N/mm) 
NL 15.8 0.406 53.2 1.747 2.315 1.313 
Vis. 18.7 0.458 53.2 2.227 2.952 1.728 
5% 18.1 0.444 53.2 2.092 2.773 1.622 
1 20.8 0.478 57.2 2.367 3.009 1.965 
2 22.5 0.495 57.6 2.533 3.206 2.168 
3 24.3 0.507 61.0 2.599 3.158 2.353 
4 25.9 0.528 66.0 2.747 3.114 2.593 
5 27.5 0.541 67.7 2.866 3.166 2.790 
6 29.5 0.557 69.6 3.012 3.225 3.037 
7 31.0 0.575 73.3 3.154 3.162 3.279 
8 32.5 0.579 76.0 3.154 2.998 3.410 
9 34.3 0.600 81.0 3.313 2.815 3.700 
10 35.9 0.624 83.0 3.554 2.871 4.023 
11 37.7 0.648 86.0 3.798 2.823 4.374 
12 39.2 0.647 89.3 3.739 2.505 4.484 
 
Table 66: Fracture toughness data for specimens with bending moment ratio 212 MM  
and thickness ratio 2  
Specimen Method Initiation fracture 
toughness ܩ௜௡௜௧ 
(N/mm) 
Plateaued data 
points for averaging 
Propagation 
fracture toughness 
ܩ௣௥௢௣ (N/mm) 
P13-UBM-g2-1 CCPL 2.791 7 – 9 4.510 
P13-UBM-g2-2 CCPL 2.116 7 – 11 3.771 
P13-UBM-g2-3 CCPL 2.432 10 – 13 3.884 
P13-UBM-g2-4 CCPL 2.592 10 – 14 3.961 
P13-UBM-g2-5 CCPL 2.022 6 – 9 3.158 
Average  2.391  3.857 
Standard deviation  0.322  0.483 
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Bending moment ratio ࡹ૛/ࡹ૚ ൌ െ૙. ૞, Thickness ratio ࢽ ൌ ૛ 
  
  
Figure 109: P13-UBM-g2-6 
Table 67: P13-UBM-g2-6 
Data point Displacement 
(mm) 
Load (kN) Crack length 
(mm) 
CCPL ܩ 
(N/mm) 
CCQL ܩ 
(N/mm) 
MCC ܩ 
(N/mm) 
Vis. 25.4 0.178 52.2 1.960 3.628 1.980 
NL 25.8 0.175 52.2 1.888 3.495 1.947 
5% 26.0 0.174 52.2 1.884 3.488 1.955 
1 30.0 0.184 55.2 2.109 3.487 2.316 
2 31.6 0.190 55.3 2.235 3.680 2.492 
3 33.0 0.196 57.1 2.388 3.650 2.680 
4 34.7 0.197 57.5 2.413 3.625 2.786 
5 36.4 0.197 59.9 2.425 3.264 2.885 
6 38.1 0.204 61.7 2.588 3.181 3.104 
7 39.9 0.204 62.6 2.598 3.042 3.208 
8 41.5 0.208 63.7 2.710 2.980 3.387 
9 43.3 0.210 64.8 2.768 2.846 3.529 
10 44.7 0.214 65.7 2.862 2.776 3.685 
11 46.5 0.221 66.5 3.051 2.802 3.950 
12 48.1 0.223 68.5 3.105 2.452 4.082 
13 49.6 0.224 70.0 3.136 2.174 4.191 
14 50.5 0.233 71.0 3.406 2.143 4.478 
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Figure 110: P13-UBM-g2-7 
Table 68: P13-UBM-g2-7 
Data point Displacement 
(mm) 
Load (kN) Crack length 
(mm) 
CCPL ܩ 
(N/mm) 
CCQL ܩ 
(N/mm) 
MCC ܩ 
(N/mm) 
Vis. 20.6 0.157 51.6 1.783 1.662 1.488 
5% 23.0 0.177 51.6 2.259 2.105 1.874 
NL 23.1 0.180 51.6 2.322 2.164 1.918 
1 26.5 0.181 54.0 2.403 2.264 2.129 
2 29.7 0.195 54.5 2.786 2.631 2.526 
3 33.1 0.204 55.5 3.053 2.896 2.877 
4 36.2 0.208 58.2 3.224 3.097 3.140 
5 39.9 0.213 62.1 3.448 3.371 3.454 
6 43.0 0.220 63.8 3.734 3.679 3.809 
7 46.5 0.231 67.0 4.150 4.148 4.259 
8 49.5 0.240 70.3 4.549 4.614 4.679 
9 52.9 0.243 73.3 4.730 4.861 4.973 
10 56.4 0.235 75.1 4.473 4.633 4.975 
11 59.6 0.234 79.3 4.524 4.771 5.145 
12 63.2 0.239 81.0 4.740 5.036 5.492 
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Figure 111: P13-UBM-g2-8 
Table 69: P13-UBM-g2-8 
Data point Displacement 
(mm) 
Load (kN) Crack length 
(mm) 
CCPL ܩ 
(N/mm) 
CCQL ܩ 
(N/mm) 
MCC ܩ 
(N/mm) 
NL 27.2 0.164 53.5 2.173 3.622 2.000 
Vis. 27.8 0.170 53.5 2.314 3.857 2.117 
5% 31.5 0.192 53.5 2.974 4.958 2.723 
1 33.3 0.199 56.0 3.216 5.008 2.946 
2 36.6 0.215 59.2 3.841 5.463 3.491 
3 39.8 0.185 61.0 2.853 3.848 3.008 
4 43.2 0.193 66.0 3.206 3.693 3.381 
5 46.5 0.199 68.8 3.449 3.610 3.699 
6 50.1 0.209 70.4 3.814 3.767 4.136 
7 53.3 0.215 72.8 4.088 3.683 4.480 
8 56.7 0.214 73.9 4.069 3.508 4.644 
9 59.9 0.221 79.0 4.427 3.037 5.024 
10 63.3 0.217 82.5 4.321 2.461 5.082 
11 66.7 0.226 87.4 4.794 1.975 5.574 
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Figure 112: P13-UBM-g2-9 
Table 70: P13-UBM-g2-9 
Data point Displacement 
(mm) 
Load (kN) Crack length 
(mm) 
CCPL ܩ 
(N/mm) 
CCQL ܩ 
(N/mm) 
MCC ܩ 
(N/mm) 
5% 24.2 0.155 56.0 1.776 2.567 1.506 
NL 27.9 0.180 56.0 2.376 3.434 2.009 
Vis. 29.6 0.184 56.0 2.500 3.612 2.163 
1 33.3 0.197 57.2 2.878 4.060 2.559 
2 36.5 0.211 61.5 3.372 4.359 2.980 
3 39.9 0.210 63.0 3.369 4.222 3.146 
4 43.4 0.212 65.4 3.466 4.128 3.364 
5 46.5 0.208 71.0 3.425 3.605 3.439 
6 49.9 0.207 74.0 3.429 3.366 3.577 
7 53.3 0.219 75.4 3.859 3.663 4.032 
8 56.7 0.224 76.0 4.056 3.794 4.334 
9 60.0 0.226 79.3 4.156 3.578 4.537 
10 63.3 0.234 81.5 4.500 3.657 4.932 
11 66.8 0.234 87.8 4.594 3.118 5.106 
12 69.6 0.232 92.6 4.582 2.662 5.187 
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Figure 113: P13-UBM-g2-10 
Table 71: P13-UBM-g2-10 
Data point Displacement 
(mm) 
Load (kN) Crack length 
(mm) 
CCPL ܩ 
(N/mm) 
CCQL ܩ 
(N/mm) 
MCC ܩ 
(N/mm) 
5% 26.7 0.157 50.3 2.420 4.377 2.598 
NL 32.2 0.181 50.3 3.242 5.863 3.577 
Vis. 35.8 0.194 50.3 3.717 6.722 4.201 
1 36.5 0.197 54.8 4.024 6.194 4.333 
2 40.2 0.213 56.5 4.795 6.930 5.125 
3 33.5 0.187 58.1 3.760 5.116 3.815 
4 43.5 0.229 58.8 5.707 7.558 5.965 
5 46.5 0.241 61.7 6.525 7.704 6.680 
6 50.1 0.195 64.7 4.380 4.561 5.278 
7 53.2 0.192 67.3 4.377 4.060 5.399 
8 56.7 0.209 71.6 5.364 4.032 6.285 
9 60.0 0.208 74.5 5.483 3.513 6.513 
10 63.5 0.212 77.9 5.855 3.031 6.934 
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Table 72: Fracture toughness data for specimens with bending moment ratio 5.012 MM  
and thickness ratio 2  
Specimen Method Initiation fracture 
toughness ܩ௜௡௜௧ 
(N/mm) 
Plateaued data 
points for averaging 
Propagation 
fracture toughness 
ܩ௣௥௢௣ (N/mm) 
P13-UBM-g2-6 CCPL 1.911 11 – 14 3.038 
P13-UBM-g2-7 CCQL 1.977 9 – 11 4.755 
P13-UBM-g2-8 CCPL 2.487 8 – 11 4.403 
P13-UBM-g2-9 CCPL 2.218 10 –12 4.559 
P13-UBM-g2-10 CCPL 3.126 6–7 4.379 
Average  2.344  4.227 
Standard deviation  0.4924  0.681 
 
Bending moment ratio ࡹ૛/ࡹ૚ ൌ ૙. ૜૜, Thickness ratio ࢽ ൌ ૛ 
  
  
Figure 114: P14-UBM-g2-2 
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Table 73: P14-UBM-g2-2 
Data point Displacement 
(mm) 
Load (kN) Crack length 
(mm) 
CCPL ܩ 
(N/mm) 
CCQL ܩ 
(N/mm) 
MCC ܩ 
(N/mm) 
5% 17.8 0.278 53.1 2.036 2.890 1.556 
NL 19.7 0.303 53.1 2.405 3.413 1.862 
Vis. 31.7 0.367 53.1 3.533 5.014 3.305 
1 33.0 0.393 54.7 4.044 5.491 3.725 
2 34.8 0.402 54.7 4.226 5.738 3.976 
3 36.4 0.407 54.7 4.334 5.884 4.162 
4 38.2 0.383 61.4 3.786 4.139 3.976 
5 39.8 0.383 64.5 3.744 3.622 4.072 
6 41.4 0.405 64.5 4.201 4.064 4.516 
7 43.2 0.411 65.1 4.316 4.069 4.730 
8 44.6 0.434 65.7 4.795 4.402 5.188 
9 46.4 0.447 66.6 5.077 4.473 5.545 
10 48.1 0.456 69.0 5.259 4.107 5.828 
11 49.8 0.449 72.0 5.071 3.318 5.844 
12 51.4 0.447 77.0 4.979 2.190 5.934 
 
  
  
Figure 115: P14-UBM-g2-3 
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Table 74: P14-UBM-g2-3 
Data point Displacement 
(mm) 
Load (kN) Crack length 
(mm) 
CCPL ܩ 
(N/mm) 
CCQL ܩ 
(N/mm) 
MCC ܩ 
(N/mm) 
NL 14.1 0.216 54.7 1.741 2.613 1.296 
5% 17.7 0.224 54.7 1.867 2.803 1.579 
Vis. 34.5 0.384 54.7 5.476 8.218 5.044 
1 36.5 0.388 56.3 5.603 8.030 5.313 
2 38.4 0.404 57.8 6.088 8.341 5.795 
3 40.0 0.363 60.2 4.924 6.251 5.160 
4 41.5 0.371 63.5 5.161 5.844 5.445 
5 43.2 0.403 64.2 6.085 6.714 6.245 
6 45.0 0.379 67.9 5.418 5.152 5.923 
7 46.4 0.390 68.6 5.726 5.281 6.275 
8 48.3 0.378 71.3 5.381 4.369 6.176 
9 49.8 0.378 76.1 5.425 3.347 6.318 
10 51.5 0.388 78.5 5.722 2.976 6.687 
 
  
  
Figure 116: P14-UBM-g2-4 
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Table 75: P14-UBM-g2-4 
Data point Displacement 
(mm) 
Load (kN) Crack length 
(mm) 
CCPL ܩ 
(N/mm) 
CCQL ܩ 
(N/mm) 
MCC ܩ 
(N/mm) 
NL 13.5 0.208 50.8 1.208 2.463 0.844 
5% 17.9 0.238 50.8 1.571 3.202 1.212 
Vis. 35.6 0.409 50.8 4.658 9.496 3.955 
1 39.6 0.448 54.8 5.521 10.175 4.793 
2 41.2 0.436 57.5 5.186 8.854 4.748 
3 43.1 0.410 61.4 4.537 6.834 4.504 
4 44.5 0.392 64.1 4.114 5.613 4.331 
5 46.2 0.397 67.8 4.196 4.891 4.521 
6 48.0 0.392 72.0 4.047 3.787 4.560 
7 49.4 0.394 73.5 4.082 3.479 4.685 
8 51.0 0.404 76.1 4.269 3.015 4.948 
9 52.8 0.404 80.4 4.232 1.952 5.064 
10 54.6 0.411 86.4 4.322 0.484 5.287 
11 56.0 0.416 88.7 4.398 -0.105 5.459 
 
 
  
Figure 117: P14-UBM-g2-5 
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Table 76: P14-UBM-g2-5 
Data point Displacement 
(mm) 
Load (kN) Crack length 
(mm) 
CCPL ܩ 
(N/mm) 
CCQL ܩ 
(N/mm) 
MCC ܩ 
(N/mm) 
NL 16.5 0.286 54.4 2.210 1.127 1.601 
5% 17.9 0.284 54.4 2.185 1.114 1.677 
Vis. 30.3 0.380 54.4 3.897 1.986 3.505 
1 33.4 0.392 57.9 4.136 2.640 3.909 
2 35.0 0.395 58.2 4.204 2.730 4.075 
3 36.5 0.415 60.1 4.621 3.326 4.474 
4 38.4 0.429 62.0 4.925 3.892 4.830 
5 40.0 0.439 65.7 5.133 4.767 5.126 
6 41.7 0.421 69.1 4.695 4.962 4.978 
7 43.4 0.425 72.0 4.778 5.575 5.183 
8 45.1 0.408 74.3 4.380 5.493 5.024 
9 46.7 0.424 75.4 4.723 6.123 5.412 
10 48.2 0.432 77.0 4.907 6.661 5.680 
11 49.9 0.447 78.8 5.247 7.485 6.089 
 
Table 77: Fracture toughness data for specimens with bending moment ratio 33.012 MM  
and thickness ratio 2  
Specimen Method Initiation fracture 
toughness ܩ௜௡௜௧ 
(N/mm) 
Plateaued data 
points for averaging 
Propagation 
fracture toughness 
ܩ௣௥௢௣ (N/mm) 
P14-UBM-g2-2 MCC 2.241 10 –12 5.869 
P14-UBM-g2-3 CCPL 3.028 7–10 5.564 
P14-UBM-g2-4 CCPL 2.479 4–11 4.207 
P14-UBM-g2-5 CCPL 2.764 4–7 4.883 
Average  2.628  5.131 
Standard deviation  0.2960  0.6418 
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Bending moment ratio ࡹ૛/ࡹ૚ ൌ ૙. ૠ૞, Thickness ratio ࢽ ൌ ૛ 
  
  
Figure 118: P14-UBM-g2-7 
Table 78: P14-UBM-g2-7 
Data point Displacement 
(mm) 
Load (kN) Crack length 
(mm) 
CCPL ܩ 
(N/mm) 
CCQL ܩ 
(N/mm) 
MCC ܩ 
(N/mm) 
NL 11.5 0.395 51.9 2.669 3.934 0.971 
5% 11.9 0.396 51.9 2.686 3.960 0.995 
Vis. 46.4 0.523 51.9 4.687 6.909 3.577 
1 48.2 0.517 54.2 4.478 6.437 3.611 
2 49.9 0.528 56.2 4.586 6.431 3.805 
3 52.0 0.527 59.6 4.419 5.906 3.892 
4 53.3 0.524 63.7 4.227 5.271 3.932 
5 55.1 0.526 65.1 4.211 5.111 4.043 
6 56.8 0.525 70.1 4.030 4.377 4.109 
7 58.4 0.518 77.5 3.723 3.242 4.116 
8 59.8 0.523 78.4 3.769 3.175 4.230 
9 61.8 0.537 80.9 3.906 2.975 4.476 
10 63.4 0.536 85.3 3.782 2.313 4.540 
11 64.9 0.550 89.4 3.894 1.803 4.784 
12 66.6 0.556 95.2 3.847 0.920 4.933 
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Figure 119: P14-UBM-g2-8 
Table 79: P14-UBM-g2-8 
Data point Displacement 
(mm) 
Load (kN) Crack length 
(mm) 
CCPL ܩ 
(N/mm) 
CCQL ܩ 
(N/mm) 
MCC ܩ 
(N/mm) 
NL 12.6 0.304 48.2 1.697 2.458 0.816 
5% 15.5 0.296 48.2 1.607 2.327 0.903 
Vis. 46.8 0.515 48.2 4.878 7.066 3.945 
1 48.4 0.517 52.0 4.735 6.529 4.060 
2 49.8 0.516 55.9 4.551 5.901 4.126 
3 51.6 0.526 59.7 4.570 5.510 4.330 
4 53.2 0.514 64.1 4.224 4.598 4.289 
5 54.8 0.515 64.6 4.224 4.539 4.387 
6 56.6 0.514 68.1 4.091 3.976 4.465 
7 58.3 0.525 70.5 4.202 3.769 4.689 
8 60.0 0.535 73.2 4.278 3.460 4.897 
9 61.5 0.538 75.2 4.271 3.164 5.018 
10 63.2 0.548 79.7 4.311 2.501 5.240 
11 65.0 0.560 83.1 4.408 1.990 5.493 
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Figure 120: P14-UBM-g2-9 
Table 80: P14-UBM-g2-9 
Data point Displacement 
(mm) 
Load (kN) Crack length 
(mm) 
CCPL ܩ 
(N/mm) 
CCQL ܩ 
(N/mm) 
MCC ܩ 
(N/mm) 
NL 14.1 0.355 52.0 2.426 3.709 1.195 
5% 15.5 0.333 52.0 2.138 3.269 1.173 
Vis. 44.0 0.518 52.0 5.182 7.923 4.242 
1 48.0 0.536 54.5 5.445 7.934 4.702 
2 49.9 0.538 57.7 5.346 7.262 4.846 
3 51.5 0.529 58.4 5.148 6.878 4.841 
4 53.4 0.536 62.9 5.135 6.078 5.051 
5 54.4 0.537 64.4 5.095 5.757 5.124 
6 56.3 0.542 66.5 5.125 5.393 5.307 
7 58.4 0.544 68.9 5.094 4.893 5.465 
8 60.0 0.541 75.0 4.864 3.465 5.524 
9 61.6 0.547 78.4 4.882 2.760 5.702 
10 63.3 0.554 82.0 4.918 1.982 5.910 
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Figure 121: P14-UBM-g2-10 
Table 81: P14-UBM-g2-10 
Data point Displacement 
(mm) 
Load (kN) Crack length 
(mm) 
CCPL ܩ 
(N/mm) 
CCQL ܩ 
(N/mm) 
MCC ܩ 
(N/mm) 
NL 10.3 0.320 49.7 1.948 3.807 0.820 
5% 10.8 0.309 49.7 1.818 3.554 0.809 
Vis. 42.3 0.487 49.7 4.509 8.815 3.685 
1 44.8 0.489 52.7 4.424 8.131 3.857 
2 46.4 0.493 55.6 4.382 7.514 3.993 
3 48.2 0.506 57.0 4.551 7.516 4.230 
4 49.7 0.501 59.5 4.376 6.708 4.268 
5 51.5 0.508 60.6 4.452 6.582 4.445 
6 53.1 0.503 64.6 4.238 5.381 4.485 
7 54.7 0.492 69.4 3.915 3.905 4.438 
8 56.5 0.513 70.8 4.210 3.846 4.794 
9 58.1 0.503 76.0 3.907 2.290 4.754 
10 59.7 0.515 78.4 4.039 1.723 5.000 
11 61.4 0.523 83.2 4.048 0.373 5.199 
12 63.1 0.551 88.1 4.363 -1.175 5.676 
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Table 82: Fracture toughness data for specimens with bending moment ratio 75.012 MM  
and thickness ratio 2  
Specimen Method Initiation fracture 
toughness ܩ௜௡௜௧ 
(N/mm) 
Plateaued data 
points for averaging 
Propagation 
fracture toughness 
ܩ௣௥௢௣ (N/mm) 
P14-UBM-g1-7 CCPL 3.347 8 –12 3.840 
P14-UBM-g1-8 CCPL 2.727 5 –11 4.255 
P14-UBM-g1-9 CCPL 3.249 6 –10 4.977 
P14-UBM-g1-10 CCPL 2.758 9 –11 3.998 
Average  3.021  4.268 
Standard deviation  0.2801  0.4356 
 
Bending moment ratio ࡹ૛/ࡹ૚ ൌ ૚. ૞, Thickness ratio ࢽ ൌ ૛ 
  
  
Figure 122: P15-UBM-g2-1 
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Table 83: P15-UBM-g2-1 
Data point Displacement 
(mm) 
Load (kN) Crack length 
(mm) 
CCPL ܩ 
(N/mm) 
CCQL ܩ 
(N/mm) 
MCC ܩ 
(N/mm) 
NL 11.4 0.109 44.7 0.503 1.315 0.435 
5% 13.8 0.110 44.7 0.511 1.337 0.499 
Vis. 52.6 0.353 44.7 5.248 13.715 5.746 
1 54.0 0.366 46.4 5.551 12.771 6.123 
2 55.8 0.349 49.9 4.935 8.030 5.881 
3 57.4 0.344 50.6 4.757 7.077 5.871 
4 59.0 0.354 50.9 5.020 7.166 6.201 
5 60.7 0.348 52.1 4.825 5.715 6.192 
6 62.4 0.361 54.5 5.118 3.505 6.631 
7 64.0 0.371 56.8 5.325 1.018 6.987 
8 65.6 0.378 57.1 5.513 0.692 7.284 
9 67.4 0.382 58.1 5.595 -0.528 7.516 
10 69.1 0.385 59.0 5.649 -1.665 7.717 
 
  
  
Figure 123: P15-UBM-g2-2 
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Table 84: P15-UBM-g2-2 
Data point Displacement 
(mm) 
Load (kN) Crack length 
(mm) 
CCPL ܩ 
(N/mm) 
CCQL ܩ 
(N/mm) 
MCC ܩ 
(N/mm) 
NL 15.5 0.158 46.5 1.004 1.061 0.730 
Vis. 19.0 0.173 46.5 1.196 1.264 0.939 
5% 54.2 0.343 46.5 4.709 4.975 4.713 
1 54.4 0.342 46.6 4.675 4.952 4.703 
2 57.8 0.361 51.7 4.977 5.976 5.253 
3 59.5 0.367 53.3 5.095 6.348 5.491 
4 61.1 0.359 55.4 4.804 6.275 5.428 
5 62.8 0.362 57.5 4.801 6.565 5.584 
6 64.5 0.358 60.8 4.580 6.709 5.596 
7 66.0 0.351 63.2 4.336 6.664 5.541 
 
  
  
Figure 124: P15-UBM-g2-3 
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Table 85: P15-UBM-g2-3 
Data point Displacement 
(mm) 
Load (kN) Crack length 
(mm) 
CCPL ܩ 
(N/mm) 
CCQL ܩ 
(N/mm) 
MCC ܩ 
(N/mm) 
NL 7.2 0.098 46.5 0.471 0.733 0.280 
5% 12.2 0.139 46.5 0.941 1.465 0.630 
Vis. 50.0 0.379 46.5 6.984 10.874 6.154 
1 51.5 0.382 47.5 7.083 10.670 6.346 
2 53.0 0.391 48.3 7.387 10.826 6.664 
3 54.7 0.381 50.1 7.009 9.623 6.593 
4 56.5 0.372 53.2 6.626 8.023 6.518 
5 58.2 0.361 55.0 6.216 6.932 6.392 
6 59.7 0.369 57.4 6.429 6.340 6.674 
7 61.4 0.361 59.9 6.142 5.221 6.624 
8 63.2 0.355 63.4 5.874 3.856 6.583 
9 64.8 0.361 65.8 6.075 3.171 6.866 
10 66.4 0.365 68.1 6.155 2.410 7.065 
 
  
 
 
Figure 125: P15-UBM-g2-4 
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Table 86: P15-UBM-g2-4 
Data point Displacement 
(mm) 
Load (kN) Crack length 
(mm) 
CCPL ܩ 
(N/mm) 
CCQL ܩ 
(N/mm) 
MCC ܩ 
(N/mm) 
NL 12.8 0.154 55.7 0.480 1.009 0.341 
5% 17.6 0.192 55.7 0.744 1.565 0.564 
Vis. 55.4 0.374 55.7 2.831 5.952 2.949 
1 57.1 0.386 56.2 3.004 6.242 3.141 
2 58.9 0.382 59.0 2.848 5.500 3.157 
3 60.5 0.382 61.7 2.776 4.931 3.219 
4 62.1 0.367 67.0 2.435 3.505 3.106 
5 63.8 0.369 69.0 2.423 3.151 3.190 
6 65.6 0.364 71.8 2.300 2.519 3.188 
7 67.2 0.376 72.9 2.435 2.464 3.387 
8 68.8 0.389 74.0 2.571 2.382 3.589 
9 70.5 0.394 75.7 2.611 2.065 3.721 
10 72.1 0.418 77.3 2.900 1.913 4.085 
11 73.8 0.419 80.7 2.829 1.042 4.152 
12 75.4 0.424 83.9 2.841 0.226 4.294 
13 77.1 0.431 86.8 2.871 -0.558 4.448 
14 78.7 0.431 92.8 2.758 -2.196 4.511 
 
  
  
Figure 126: P15-UBM-g2-5 
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Table 87: P15-UBM-g2-5 
Data point Displacement 
(mm) 
Load (kN) Crack length 
(mm) 
CCPL ܩ 
(N/mm) 
CCQL ܩ 
(N/mm) 
MCC ܩ 
(N/mm) 
NL 8.3 0.100 54.0 0.316 0.149 0.201 
5% 19.8 0.208 54.0 1.373 0.648 0.954 
Vis. 54.2 0.364 54.0 4.217 1.991 3.936 
1 57.7 0.378 56.5 4.451 2.596 4.309 
2 59.5 0.387 59.8 4.580 3.366 4.548 
3 61.0 0.393 61.7 4.658 3.841 4.718 
4 62.8 0.402 63.0 4.838 4.291 4.956 
5 64.5 0.399 65.0 4.701 4.630 4.993 
6 66.2 0.406 66.1 4.834 5.024 5.196 
7 67.7 0.396 69.0 4.514 5.353 5.101 
8 69.4 0.407 70.2 4.732 5.905 5.376 
9 71.1 0.406 72.5 4.660 6.374 5.453 
10 72.8 0.417 74.0 4.878 7.061 5.742 
 
Table 88: Fracture toughness data for specimens with bending moment ratio 5.112 MM  
and thickness ratio 2  
Specimen Method Initiation fracture 
toughness ܩ௜௡௜௧ 
(N/mm) 
Plateaued data 
points for averaging 
Propagation 
fracture toughness 
ܩ௣௥௢௣ (N/mm) 
P15-UBM-g2-1 CCPL 2.087 5 –10 5.338 
P15-UBM-g2-2 MCC 2.128 5 –7 5.573 
P15-UBM-g2-3 CCPL 2.799 6–10 6.148 
P15-UBM-g2-4 CCPL 1.351 10 –14 2.840 
P15-UBM-g2-5 CCPL 1.969 7–9 4.635 
Average  2.067  4.907 
Standard deviation  0.461  1.142 
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Bending moment ratio ࡹ૛/ࡹ૚ ൌ ૛, Thickness ratio ࢽ ൌ ૛ 
  
  
Figure 127: P16-UBM-g2-1 
Table 89: P16-UBM-g2-1 
Data point Displacement 
(mm) 
Load (kN) Crack length 
(mm) 
CCPL ܩ 
(N/mm) 
CCQL ܩ 
(N/mm) 
MCC ܩ 
(N/mm) 
NL 7.7 0.146 44.5 0.702 1.047 0.358 
5% 8.9 0.153 44.5 0.766 1.143 0.417 
Vis. 42.4 0.380 44.5 4.724 7.052 3.989 
1 43.0 0.382 47.4 4.693 6.700 4.045 
2 46.4 0.382 54.5 4.528 5.675 4.255 
3 49.6 0.375 60.4 4.256 4.658 4.341 
4 53.1 0.362 64.4 3.916 3.839 4.339 
5 56.3 0.354 70.1 3.669 2.970 4.382 
6 59.5 0.367 74.0 3.892 2.676 4.772 
7 63.0 0.404 76.6 4.667 2.821 5.626 
8 66.3 0.408 80.8 4.698 2.192 5.896 
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Figure 128: P16-UBM-g2-2 
Table 90: P16-UBM-g2-2 
Data point Displacement 
(mm) 
Load (kN) Crack length 
(mm) 
CCPL ܩ 
(N/mm) 
CCQL ܩ 
(N/mm) 
MCC ܩ 
(N/mm) 
5% 5.6 0.112 49.0 0.406 0.620 0.185 
NL 6.5 0.123 49.0 0.489 0.747 0.229 
Vis. 43.8 0.369 49.0 4.394 6.713 3.553 
1 45.5 0.366 51.8 4.226 6.181 3.599 
2 48.9 0.351 54.4 3.813 5.330 3.569 
3 52.2 0.337 61.6 3.375 4.044 3.540 
4 55.6 0.362 65.7 3.798 4.074 4.057 
5 58.8 0.367 70.6 3.800 3.467 4.290 
6 62.2 0.371 75.7 3.782 2.777 4.516 
7 65.5 0.362 82.3 3.489 1.703 4.517 
8 68.9 0.394 86.0 4.087 1.401 5.247 
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Figure 129: P16-UBM-g2-3 
Table 91: P16-UBM-g2-3 
Data point Displacement 
(mm) 
Load (kN) Crack length 
(mm) 
CCPL ܩ 
(N/mm) 
CCQL ܩ 
(N/mm) 
MCC ܩ 
(N/mm) 
NL 7.3 0.161 46.9 0.904 1.003 0.396 
5% 8.0 0.168 46.9 0.983 1.090 0.445 
Vis. 38.3 0.352 46.9 4.306 4.776 3.385 
1 39.5 0.353 48.4 4.297 4.737 3.467 
2 42.9 0.354 51.3 4.266 4.641 3.684 
3 46.1 0.357 55.8 4.248 4.513 3.908 
4 49.6 0.375 59.0 4.605 4.798 4.370 
5 52.9 0.376 64.7 4.529 4.540 4.580 
6 56.0 0.370 70.7 4.300 4.111 4.668 
7 59.5 0.360 77.0 3.971 3.584 4.673 
8 62.8 0.372 83.2 4.172 3.529 5.071 
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Figure 130: P16-UBM-g2-4 
Table 92: P16-UBM-g2-4 
Data point Displacement 
(mm) 
Load (kN) Crack length 
(mm) 
CCPL ܩ 
(N/mm) 
CCQL ܩ 
(N/mm) 
MCC ܩ 
(N/mm) 
NL 7.7 0.143 46.8 0.732 1.331 0.357 
5% 7.8 0.141 46.8 0.706 1.284 0.353 
Vis. 36.9 0.303 46.8 3.276 5.955 2.757 
1 39.4 0.299 49.4 3.123 5.254 2.827 
2 42.7 0.317 51.8 3.455 5.357 3.223 
3 46.2 0.334 54.0 3.782 5.387 3.640 
4 49.4 0.333 58.1 3.662 4.311 3.791 
5 52.8 0.327 63.3 3.435 2.893 3.875 
6 56.0 0.341 66.0 3.682 2.426 4.261 
7 59.5 0.359 71.1 3.964 1.180 4.741 
8 62.8 0.381 72.7 4.428 0.798 5.316 
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Figure 131: P16-UBM-g2-5 
Table 93: P16-UBM-g2-5 
Data point Displacement 
(mm) 
Load (kN) Crack length 
(mm) 
CCPL ܩ 
(N/mm) 
CCQL ܩ 
(N/mm) 
MCC ܩ 
(N/mm) 
NL 5.7 0.126 45.9 0.546 0.485 0.237 
5% 7.9 0.140 45.9 0.675 0.601 0.341 
Vis. 38.7 0.340 45.9 3.992 3.550 3.213 
1 39.5 0.337 47.9 3.885 3.506 3.223 
2 43.0 0.360 54.0 4.297 4.041 3.724 
3 46.2 0.353 59.0 4.039 3.918 3.808 
4 49.6 0.358 64.0 4.049 4.045 4.059 
5 52.8 0.354 69.6 3.870 3.987 4.169 
6 56.3 0.351 75.3 3.737 3.965 4.307 
7 59.5 0.359 79.0 3.854 4.164 4.603 
8 62.9 0.369 84.8 3.991 4.432 4.951 
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Table 94: Fracture toughness data for specimens with bending moment ratio 212 MM  
and thickness ratio 2  
Specimen Method Initiation fracture 
toughness ܩ௜௡௜௧ 
(N/mm) 
Plateaued data 
points for averaging 
Propagation 
fracture toughness 
ܩ௣௥௢௣ (N/mm) 
P16-UBM-g2-1 MCC 1.588 2–5 4.245 
P16-UBM-g2-2 CCPL 1.763 4–6 3.793 
P16-UBM-g2-3 MCC 1.409 5–7 4.640 
P16-UBM-g2-4 MCC 1.156 3–5 3.769 
P16-UBM-g2-5 CCQL 1.546 3–6 3.979 
Average  1.492  4.085 
Standard deviation  0.227  0.364 
 
Bending moment ratio ࡹ૛/ࡹ૚ ൌ ૜, Thickness ratio ࢽ ൌ ૛ 
  
  
Figure 132: P15-UBM-g2-6 
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Table 95: P15-UBM-g2-6 
Data point Displacement 
(mm) 
Load (kN) Crack length 
(mm) 
CCPL ܩ 
(N/mm) 
CCQL ܩ 
(N/mm) 
MCC ܩ 
(N/mm) 
NL 9.0 0.129 50.4 0.605 0.720 0.363 
5% 20.6 0.253 50.4 2.333 2.778 1.558 
1 35.8 0.323 54.0 3.793 4.351 3.117 
2 38.3 0.361 55.4 4.731 5.348 3.774 
3 41.6 0.376 56.8 5.119 5.698 4.205 
4 45.0 0.358 63.6 4.612 4.750 4.143 
5 48.2 0.356 66.2 4.568 4.558 4.317 
6 51.6 0.374 70.7 5.023 4.731 4.820 
7 54.9 0.379 74.0 5.166 4.652 5.119 
8 58.0 0.382 76.7 5.246 4.547 5.373 
9 61.5 0.395 80.5 5.583 4.572 5.827 
10 64.8 0.434 86.9 6.744 4.977 6.851 
 
  
  
Figure 133: P15-UBM-g2-7 
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Table 96: P15-UBM-g2-7 
Data point Displacement 
(mm) 
Load (kN) Crack length 
(mm) 
CCPL ܩ 
(N/mm) 
CCQL ܩ 
(N/mm) 
MCC ܩ 
(N/mm) 
NL 12.9 0.216 44.6 1.665 2.580 0.903 
5% 16.6 0.252 44.6 2.265 3.509 1.307 
Vis. 28.9 0.318 44.6 3.598 5.575 2.578 
1 33.0 0.304 49.9 3.209 4.620 2.654 
2 36.3 0.308 53.9 3.239 4.374 2.874 
3 39.7 0.330 57.2 3.658 4.656 3.342 
4 43.0 0.333 61.5 3.656 4.267 3.560 
5 46.3 0.325 66.2 3.430 3.587 3.627 
6 49.6 0.334 67.7 3.612 3.633 3.944 
7 53.0 0.365 71.5 4.246 3.831 4.627 
8 56.3 0.359 78.1 4.048 2.894 4.726 
9 59.6 0.356 83.1 3.920 2.224 4.853 
10 63.0 0.386 87.7 4.552 1.946 5.604 
 
  
  
Figure 134: P15-UBM-g2-8 
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Table 97: P15-UBM-g2-8 
Data point Displacement 
(mm) 
Load (kN) Crack length 
(mm) 
CCPL ܩ 
(N/mm) 
CCQL ܩ 
(N/mm) 
MCC ܩ 
(N/mm) 
NL 8.4 0.159 42.2 0.703 1.132 0.341 
5% 12.4 0.199 42.2 1.113 1.793 0.604 
Vis. 31.5 0.356 42.2 3.537 5.697 2.425 
1 36.3 0.355 49.0 3.342 5.029 2.662 
2 39.5 0.342 53.6 2.987 4.235 2.673 
3 42.9 0.371 56.4 3.458 4.698 3.156 
4 46.2 0.390 61.0 3.709 4.650 3.541 
5 49.5 0.371 70.8 3.174 3.168 3.471 
6 52.8 0.357 74.4 2.891 2.585 3.447 
7 56.2 0.368 80.7 2.978 2.087 3.738 
8 59.5 0.409 83.3 3.638 2.244 4.470 
9 62.8 0.418 89.1 3.691 1.555 4.758 
10 66.2 0.427 95.6 3.759 0.713 5.080 
 
  
  
Figure 135: P15-UBM-g2-9 
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Table 98: P15-UBM-g2-9 
Data point Displacement 
(mm) 
Load (kN) Crack length 
(mm) 
CCPL ܩ 
(N/mm) 
CCQL ܩ 
(N/mm) 
MCC ܩ 
(N/mm) 
NL 11.0 0.201 47.2 1.554 2.196 0.825 
5% 12.2 0.207 47.2 1.636 2.311 0.914 
Vis. 34.3 0.327 47.2 4.104 5.798 3.361 
1 36.1 0.347 49.0 4.603 6.334 3.762 
2 39.4 0.350 52.2 4.641 6.080 4.026 
3 42.7 0.327 57.6 4.022 4.807 3.887 
4 46.1 0.337 60.6 4.248 4.800 4.255 
5 49.4 0.370 64.4 5.076 5.308 5.039 
6 52.8 0.327 74.0 3.914 3.239 4.473 
7 56.0 0.336 80.1 4.095 2.803 4.820 
8 59.4 0.341 86.2 4.196 2.261 5.122 
 
  
  
Figure 136: P15-UBM-g2-10 
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Table 99: P15-UBM-g2-10 
Data point Displacement 
(mm) 
Load (kN) Crack length 
(mm) 
CCPL ܩ 
(N/mm) 
CCQL ܩ 
(N/mm) 
MCC ܩ 
(N/mm) 
NL 14.6 0.244 46.2 1.892 2.861 0.970 
5% 17.9 0.243 46.2 1.869 2.827 1.105 
Vis. 33.5 0.291 46.2 2.700 4.083 2.140 
1 36.1 0.295 47.8 2.722 4.025 2.281 
2 39.5 0.320 51.6 3.125 4.350 2.710 
3 42.7 0.331 54.3 3.262 4.320 2.977 
4 46.1 0.318 59.5 2.919 3.452 2.978 
5 49.4 0.327 61.8 3.044 3.394 3.239 
6 52.8 0.355 62.5 3.567 3.902 3.773 
7 56.1 0.365 67.3 3.672 3.460 4.081 
8 59.5 0.368 74.0 3.597 2.560 4.290 
9 62.8 0.385 77.5 3.860 2.252 4.715 
10 66.0 0.386 85.8 3.738 0.967 4.898 
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Table 100: Fracture toughness data for specimens with bending moment ratio 312 MM  
and thickness ratio 2  
Specimen Method Initiation fracture 
toughness ܩ௜௡௜௧ 
(N/mm) 
Plateaued data 
points for averaging 
Propagation 
fracture toughness 
ܩ௣௥௢௣ (N/mm) 
P15-UBM-g2-6 CCQL 1.749 4–10 4.684 
P15-UBM-g2-7 CCPL 2.509 7–9 3.453 
P15-UBM-g2-8 CCPL 1.784 8–10 3.696 
P15-UBM-g2-9 CCPL 2.431 6–8 4.068 
P15-UBM-g2-10 CCPL 2.154 6–8 3.612 
Average  2.283  3.891 
Standard deviation  0.284  0.419 
 
Bending moment ratio ࡹ૛/ࡹ૚ ൌ ૞, Thickness ratio ࢽ ൌ ૛ 
  
  
Figure 137: P16-UBM-g2-6 
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Table 101: P16-UBM-g2-6 
Data point Displacement 
(mm) 
Load (kN) Crack length 
(mm) 
CCPL ܩ 
(N/mm) 
CCQL ܩ 
(N/mm) 
MCC ܩ 
(N/mm) 
NL 14.8 0.277 48.7 2.591 6.189 1.676 
5% 15.0 0.270 48.7 2.466 5.890 1.637 
Vis. 31.3 0.320 48.7 3.469 8.287 3.358 
1 32.8 0.326 49.9 3.574 8.157 3.548 
2 36.3 0.310 51.9 3.196 6.715 3.541 
3 39.5 0.313 56.0 3.218 5.528 3.810 
4 43.0 0.303 59.0 2.962 4.227 3.844 
5 46.1 0.322 63.0 3.313 3.405 4.387 
6 49.6 0.347 64.9 3.810 3.174 5.072 
7 52.8 0.358 69.9 3.983 1.229 5.512 
8 56.2 0.376 74.0 4.352 -0.588 6.151 
9 59.5 0.395 79.0 4.715 -3.258 6.804 
 
  
  
Figure 138: P16-UBM-g2-7 
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Table 102: P16-UBM-g2-7 
Data point Displacement 
(mm) 
Load (kN) Crack length 
(mm) 
CCPL ܩ 
(N/mm) 
CCQL ܩ 
(N/mm) 
MCC ܩ 
(N/mm) 
NL 10.8 0.190 49.0 1.453 2.233 0.887 
5% 10.8 0.191 49.0 1.460 2.243 0.890 
Vis. 25.3 0.274 49.0 3.013 4.630 2.548 
1 26.2 0.271 50.3 2.948 4.401 2.570 
2 29.4 0.276 51.1 3.048 4.467 2.839 
3 32.9 0.310 55.1 3.845 5.114 3.568 
4 36.1 0.315 58.3 3.990 4.875 3.890 
5 39.6 0.309 60.7 3.842 4.381 4.034 
6 42.8 0.310 62.1 3.846 4.204 4.252 
7 46.2 0.331 68.2 4.395 3.898 4.888 
8 49.5 0.333 72.6 4.465 3.296 5.171 
9 52.7 0.337 78.3 4.573 2.496 5.481 
10 56.1 0.350 82.0 4.920 2.071 5.996 
 
  
  
Figure 139: P16-UBM-g2-8 
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Table 103: P16-UBM-g2-8 
Data point Displacement 
(mm) 
Load (kN) Crack length 
(mm) 
CCPL ܩ 
(N/mm) 
CCQL ܩ 
(N/mm) 
MCC ܩ 
(N/mm) 
NL 16.2 0.266 46.9 2.962 4.736 1.981 
5% 17.2 0.257 46.9 2.771 4.430 1.971 
Vis. 28.2 0.304 46.9 3.881 6.204 3.429 
1 29.4 0.316 47.8 4.205 6.553 3.720 
2 32.8 0.306 50.4 3.921 5.649 3.822 
3 36.1 0.300 53.1 3.765 4.964 3.968 
4 39.5 0.319 55.5 4.256 5.148 4.575 
5 42.7 0.354 59.0 5.241 5.504 5.542 
6 46.2 0.347 63.9 5.023 4.151 5.681 
7 49.4 0.337 67.4 4.746 3.162 5.727 
8 52.8 0.359 70.7 5.369 2.763 6.505 
9 56.0 0.374 74.0 5.821 2.113 7.146 
 
  
  
Figure 140: P16-UBM-g2-9 
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Table 104: P16-UBM-g2-9 
Data point Displacement 
(mm) 
Load (kN) Crack length 
(mm) 
CCPL ܩ 
(N/mm) 
CCQL ܩ 
(N/mm) 
MCC ܩ 
(N/mm) 
NL 12.7 0.188 46.4 1.125 2.280 0.710 
5% 14.0 0.193 46.4 1.185 2.401 0.780 
Vis. 34.5 0.302 46.4 2.907 5.889 2.594 
1 36.2 0.319 47.6 3.233 6.326 2.893 
2 39.7 0.290 54.0 2.559 3.993 2.708 
3 42.9 0.304 56.8 2.761 3.791 3.035 
4 46.4 0.318 60.7 2.941 3.231 3.384 
5 49.6 0.331 64.0 3.131 2.678 3.734 
6 52.8 0.331 69.0 3.067 1.435 3.909 
7 56.2 0.354 72.1 3.452 0.750 4.452 
8 59.5 0.374 77.9 3.741 -1.018 4.965 
 
  
  
Figure 141: P16-UBM-g2-10 
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Table 105: P16-UBM-g2-10 
Data point Displacement 
(mm) 
Load (kN) Crack length 
(mm) 
CCPL ܩ 
(N/mm) 
CCQL ܩ 
(N/mm) 
MCC ܩ 
(N/mm) 
NL 15.8 0.284 49.6 3.285 5.681 2.008 
5% 17.2 0.269 49.6 2.940 5.083 1.969 
Vis. 29.0 0.319 49.6 4.150 7.176 3.511 
1 32.8 0.326 52.4 4.317 6.744 3.913 
2 36.2 0.341 54.0 4.716 6.917 4.437 
3 39.5 0.351 56.6 4.978 6.526 4.880 
4 43.0 0.362 59.0 5.315 6.201 5.398 
5 46.1 0.371 61.6 5.555 5.611 5.834 
6 49.4 0.379 66.6 5.779 4.088 6.282 
7 52.8 0.383 72.2 5.891 2.159 6.663 
 
Table 106: Fracture toughness data for specimens with bending moment ratio 512 MM  
and thickness ratio 2  
Specimen Method Initiation fracture 
toughness ܩ௜௡௜௧ 
(N/mm) 
Plateaued data 
points for averaging 
Propagation 
fracture toughness 
ܩ௣௥௢௣ (N/mm) 
P16-UBM-g2-6 CCPL 2.842 1–4 3.238 
P16-UBM-g2-7 CCPL 1.975 7–9 4.478 
P16-UBM-g2-8 MCC 2.460 5–7 5.650 
P16-UBM-g2-9 CCPL 1.739 4–6 3.046 
P16-UBM-g2-10 CCPL 3.458 6–7 5.835 
Average  2.495  4.449 
Standard deviation  0.615  1.166 
 
6.4. Comparison of pure mode I DCB and UBM tests 
Pure mode I testing (i.e. with ܯଶ ܯଵ⁄ ൌ െ1) was carried out on five symmetric specimens 
using the conventional DCB test (ASTM, 2007e3), and again on another five symmetric 
specimens using the UBM test (as described in Chapter 5). The purpose of the DCB testing 
was to obtain an initial benchmark to compare UBM test results against. Both tests measure 
the mode I fracture toughness in when symmetric specimens are used and the bending 
moment ratio is ܯଶ ܯଵ⁄ ൌ െ1. Therefore it was expected that the two tests would give 
closely similar values for the mode I initiation and propagation fracture toughness. 
Figure 142 compares the initiation fracture toughnesses from the two test methods, and 
Figure 143 compares the propagation fracture toughnesses. There is one red data marker for 
each DCB test, with the solid red line representing the average value, and the dotted red lines 
representing one standard deviation above and below the average. Similarly, there is one blue 
data marker for each UBM test, with the solid blue line representing the average value and 
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the dotted blue lines representing one standard deviation above and below the average. Note 
that the numerical values are tabulated in Table 15 and Table 21 respectively. 
 
Figure 142: Comparison of initiation fracture toughness from the DCB testing and UBM 
testing for symmetric specimens with 112 MM  
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Figure 143: Comparison of propagation fracture toughness from the DCB testing and UBM 
testing for symmetric specimens with 112 MM  
It is seen that there is good agreement between the UBM test and the DCB test in the mode I 
configuration for symmetric specimens. The DCB test determines the mode I fracture 
toughness as ܩூ௖ ൌ 1.3	N/mm for initiation and ܩூ௖ ൌ 1.7	N/mm for propagation. The UBM 
test, on the other hand, determines the mode I fracture toughness as ܩூ௖ ൌ 1.2	N/mm for 
initiation and ܩூ௖ ൌ 2.0	N/mm for propagation. The small difference between the two tests is 
within the range of experimental scatter. 
It should be noted that this comparison is only a single point of comparison between the two 
tests, mainly carried out as a point of interest. The agreement between the two tests does not, 
and was not intended to, validate the UBM test. 
6.5. Analysis of mixed-mode partitions 
6.5.1. Symmetric specimens 
The average initiation and propagation fracture toughness measurements for symmetric 
specimens (i.e. ߛ ൌ 1) at each bending moment ratio are shown in Table 107, along with their 
standard deviations. All the partition theories unanimously agree on the partition if ߛ ൌ 1, so 
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there is no discrepancy between the partitions calculated by each partition theory in Table 
107 for each loading condition. 
Table 107: Summary of fracture toughness values for specimens with thickness ratio 1  
Bending 
moment ratio 
ܯଶ ܯଵ⁄  
Fracture mode 
partition ܩூூ/ܩ 
Initiation fracture 
toughness ܩ௜௡௜௧ (N/mm) 
Propagation fracture 
toughness ܩ௣௥௢௣ (N/mm) 
  Average Standard 
deviation 
Average Standard 
deviation 
-1 0.000 1.210 0.428 1.987 0.347 
-0.33 0.160 1.097 0.047 2.286 0.188 
-0.15 0.291 1.434 0.229 2.284 0.389 
0 0.429 3.133 0.499 4.558 0.288 
0.15 0.579 2.240 0.306 3.952 0.601 
0.25 0.676 2.585 0.622 4.048 0.935 
0.4 0.803 2.113 0.679 4.786 0.416 
0.6 0.923 3.670 0.991 5.322 0.552 
 
The initiation and failure loci are shown in Figure 144 and Figure 145 respectively. The 
fracture toughness ܩ௖ is on the ݕ-axis and the fracture mode partition ܩூூ ܩ⁄  is on the ݔ-axis. 
The error bars and the shaded regions represent one standard deviation either side of the 
average value. Since the fracture mode partition is reliably calculated for ߛ ൌ 1 , it is 
confidently expected that Figure 144 and Figure 145 represent the ‘true’ failure loci for 
initiation . 
It is seen that the mode I fracture toughness is ܩூ௖ ൎ 1.2	N/mm for initiation and ܩூ௖ ൎ
2.0N mm⁄  for propagation. Also, the mode II fracture toughness is ܩூூ௖ ൎ 3.7	N/mm for 
initiation and ܩூூ௖ ൎ 5.3N mm⁄  for propagation, by using the fracture toughness 
measurements at ܩூூ ܩ⁄ ൌ 0.923 as there is no data for ܩூூ ܩ⁄ ൌ 1. 
It is seen that there is an increasing trend in the fracture toughness with the increase in the 
component of mode II fracture. Generally, this trend is quite uniform over the whole range of 
ܩூூ ܩ⁄ , but with an exception at ܩூூ ܩ⁄ ൌ 0.43 where there is a ‘bump’ in the data. As can be 
seen from Table 106, this corresponds to a bending moment ratio of ܯଶ ܯଵ⁄ ൌ 0 . The 
standard deviation at this point is relatively small at 0.288 N/mm over 4 tests. It is not clear if 
the fracture toughness measurements at this test point represent the real fracture toughness or 
affected in some way by the configuration of the UBM apparatus. It should be noted that for 
ܯଶ ܯଵ⁄ ൌ 0, the cables are only connected to one of the transverse loading beams, and 
instead of connecting to the other transverse beam, the upper beam connects directly to the 
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lower beam (see Figure 44 for terminology and an annotated sketch), so the configuration of 
the apparatus is different at this point, although it is by mechanical considerations expected to 
give the desired bending moment ratio without anomalous behaviour. See Section 5.3 and 
Figure 59 for exact details on setting up the apparatus for tests with ܯଶ ܯଵ⁄ ൌ 0. 
 
Figure 144: Initiation fracture toughness vs. fracture mode partition based on specimens with 
thickness ratio 1  
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Figure 145: Propagation fracture toughness vs. fracture mode partition based on specimens 
with thickness ratio 1  
It is worth noting that Conroy, Sørensen and Ivankovic (2014) have the same ‘bump’ in their 
data at the 43.0GGII  point. They carried out tests on symmetric specimens (i.e. ߛ ൌ 1) 
using a different UBM apparatus and UD carbon/epoxy specimens with different dimensions 
for their specimens (although the same in concept of applying pure bending moments). It 
should be noted that their data is completely independent of the data presented in this chapter 
and yet show very similar trends: Compare their data for initiation fracture toughness in 
Figure 146 with the present initiation fracture toughness data in Figure 144. 
In Figure 146, the black data markers and the dashed-dotted line represent the failure locus 
for symmetric specimens from test measurements. The other lines and data markers are not 
relevant for this discussion. The citations in the legend refer to the reference list in Conroy at 
al.’s article. 
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Figure 146: Initiation fracture toughness vs. fracture mode partition based on specimens with 
thickness ratio 1  from Conroy, Sørensen and Ivankovic (2014) 
Both Figure 144 and Figure 146 show an increasing trend in the fracture toughness with the 
increase in the component of mode II fracture with a ‘bump’ at 43.0GGII . Note that 
Conroy, Sørensen and Ivankovic do not comment on the ‘bump’. Since the same behaviour is 
seen at ܯଶ ܯଵ⁄ ൌ 0  for two different materials, it suggests that there may be an as-yet 
unidentified systematic error in the design/operation of the UBM test apparatus at this point. 
6.5.2. Asymmetric specimens 
The average initiation and propagation fracture toughness measurements for asymmetric 
specimens (i.e. ߛ ് 1) at each bending moment ratio are shown in Table 108, along with their 
standard deviations. The partition theories do not agree on the partition if ߛ ് 1, so Table 109 
gives the fracture mode partition for each loading condition as calculated by each partition 
theory. Four different partition theories are considered in this chapter: Wang and Harvey’s 
Euler beam partition theory and Timoshenko beam partition theory, Suo and Hutchinson’s 
2D elasticity-based partition theory, and Davidson et al.’s non-singular-field partition theory, 
which are denoted by “Euler”, “Timoshenko”, “2D”, and “NSF” respectively in this chapter. 
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The full formulation of these partition theories, with their respective references, can be found 
in Section 3.2.1, and they are not presented here again. 
Table 108: Summary of fracture toughness values for specimens with thickness ratio 2  
Bending moment 
ratio ܯଶ ܯଵ⁄  
Initiation fracture 
toughness ܩ௜௡௜௧ (N/mm) 
Propagation fracture 
toughness ܩ௣௥௢௣ (N/mm) 
 Average Standard deviation Average Standard deviation 
-2 2.391 0.322 3.857 0.483 
-0.5 2.344 0.492 4.227 0.681 
0.33 2.628 0.296 5.131 0.642 
0.75 3.020 0.280 4.268 0.436 
1.5 2.067 0.461 4.907 1.142 
2 1.492 0.227 4.085 0.364 
3 2.125 0.353 3.903 0.493 
5 2.495 0.615 4.449 1.166 
 
Table 109: Mixed-mode fracture partitions ܩூ/ܩ according to four different partition theories 
for the range of tested bending moments with thickness ratio 2  
Bending moment 
ratio ܯଶ ܯଵ⁄  
Mixed-mode fracture partition, ܩூ/ܩ 
 Euler Timoshenko 2D NSF 
-2 1.08 0.91 0.97 1.00 
-0.5 0.90 0.63 0.73 0.88 
0.33 0.66 0.38 0.50 0.67 
0.75 0.52 0.26 0.37 0.55 
1.5 0.27 0.10 0.18 0.34 
2 0.14 0.04 0.09 0.22 
3 -0.02 0.00 0.01 0.07 
5 -0.07 0.09 0.04 0.00 
 
The initiation and failure loci are shown in Figure 147 and Figure 148 respectively. The 
fracture toughness ܩ௖ is on the ݕ-axis and the fracture mode partition ܩூூ ܩ⁄  is on the ݔ-axis. 
The error bars and the shaded region represent one standard deviation either side of the 
average value. It is expected that a physically correct partition theory will give the same 
failure locus for asymmetric specimens as for symmetric specimens since it is expected that 
the fracture toughness depends on the material and fibre orientation above and below the 
delamination, which is the same for both symmetric and asymmetric specimens. In order to 
access the capability of each of the four partition theories listed above, each of the total 
fracture toughnesses in Table 108 is plotted four times in Figure 147 and Figure 148, but each 
with a different location on the ݔ-axis, which represents the respective partition GGII . 
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It is seen that for the measured propagation fracture toughness, it is roughly constant at about 
4.4 N/mm as the fracture mode partition GGII  varies from 0 to 1. The standard deviation, 
however, increases from 0.48	 N mm⁄  for 0GGII  to 1.17	 N mm⁄  for 1GGII  which 
represents a large increase in uncertainty for fracture toughness of mode II dominated 
fractures. Therefore it is hard to identify if there is a trend, as the fracture toughness could be 
constant, or even rising or falling as permitted by the large error bars. 
Now considering the initiation fracture toughness, again there is not much variation in the 
averages as the fracture mode partition GGII  varies from 0 to 1. It is roughly constant at 
2.3 N/mm, with the standard deviation increasing from 0.32	 N mm⁄  for 0GGII  to 
2.5	N mm⁄  for 1GGII . These standard deviations represent a large proportion of the total 
measured fracture toughness. Again, it is hard to identify if there is a trend, as the fracture 
toughness could be constant, or even rising or falling as permitted by the large error bars. 
As explained above, it is expected that a physically correct partition theory will give the same 
failure locus for both asymmetric specimens and symmetric specimens. Already it is clear to 
see that the fracture toughness data for the asymmetric specimens is much ‘flatter’ in 
comparison to the ‘rising curve’ observed for symmetric specimens in Section Symmetric 
specimens6.5.1. This will be examined and discussed in greater detail in the next section. 
 
6. Fracture toughness test results 227 
 
 
Figure 147: Initiation fracture toughness vs. fracture mode partition based on specimens with 
thickness ratio 2  
 
Figure 148: Propagation fracture toughness vs. fracture mode partition based on specimens 
with thickness ratio 2  
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6.5.3. Assessment of the partition theories 
In Figure 149, the initiation fracture toughness for asymmetric specimens (as presented in 
Section 6.5.2) is overlaid onto the expected initiation failure locus (as obtained from 
symmetric specimens and presented in Section 6.5.1). It is seen that for ܩூூ ܩ⁄ ≳ 0.4, there is 
close agreement between the two failure loci when both the averages and the standard 
deviations are taken into account; however, for ܩூூ ܩ⁄ ≲ 0.4 there is not good agreement, 
even when the experimental scatter is taken into account. 
Similarly, in Figure 150, the propagation fracture toughness for asymmetric specimens is 
overlaid onto the expected propagation failure locus. Again, it is seen that for ܩூூ ܩ⁄ ≳ 0.4, 
there is close agreement between the two failure loci when both the averages and the standard 
deviations are taken into account; however, for ܩூூ ܩ⁄ ≲ 0.4 there is not good agreement, 
even when the experimental scatter is taken into account. 
 
Figure 149: Comparison of initiation failure loci for thickness ratio 1  (black) and 
thickness ratio 2  (colours for different partition theories) 
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Figure 150: Comparison of propagation failure loci for thickness ratio 1  (black) and 
thickness ratio 2  (colours for different partition theories) 
As explained, in Section 6.5.2, the fracture toughness data for asymmetric specimens has a 
low range and is quite ‘flat’ for both initiation and propagation. Consequently neither closely 
follows the fracture toughness for symmetric specimens, which are believed to provide the 
correct failure loci, even when the experimental scatter is taken into account. This behaviour 
is completely unexpected, as testing using conventional tests such as MMB, FRMM, VRMM, 
SLB, etc. (see Chapter 43) does not show this. See the studies reported in Chapter 4 and 
Harvey and Wang (2012b) for two examples. 
Again, it is interesting to make comparison with Conroy, Sørensen and Ivankovic (2014), as 
shown in Figure 151. In this figure, the black data markers and the dashed-dotted line 
represent the initiation failure locus for symmetric specimens from test measurements. The 
coloured data markers represent the initiation fracture toughnesses for asymmetric specimens, 
with each colour representing a different partition theory in the legend. “W” is Williams 
(1988). “HS” is Hutchinson (1990). “D-NSF” is Davidson et al. (2000). “WH” is Wang and 
Harvey (2012a). The citations in the legend refer to the reference list in Conroy at al.’s article. 
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Although Conroy, Sørensen and Ivankovic (2014) do not comment on it in their work, their 
independently-obtained data shows very similar behaviour to the results presented in this 
chapter. Again, it is worth noting that Conroy, Sørensen and Ivankovic have used a different 
material, different specimen geometry and a different UBM apparatus. Comparing the present 
initiation fracture toughness data (see Figure 149) with Conroy, Sørensen and Ivankovic ’s 
(see Figure 151) is very interesting as they show similar ‘flat’ results. Note that Conroy, 
Sørensen and Ivankovic did asymmetric testing by varying the thickness ratio ߛ, but keeping 
the bending moment ratio constant at ܯ2 ܯ1⁄ ൌ 0. Despite this difference, the data shows 
the same ‘flat’ trend for asymmetric specimens. 
An explanation for this behaviour is not obvious. As shown by symmetric specimen testing, 
the fracture toughness does depend on the fracture mode partition. The fact that this 
dependency is not clearly observable for asymmetric specimens when using the UBM test 
with two different materials, with two different geometries and by independent researchers, 
suggests that there is likely to be an as-yet unidentified flaw in the design or operation of the 
UBM apparatus. What this flaw might be is discussed in Section 6.6. 
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Figure 151: Comparison of initiation failure loci for thickness ratio 1  (black) and different 
thickness   ratios (colours) from Conroy, Sørensen and Ivankovic (2014) 
6.6. Apparatus performance 
The UBM apparatus has received some extensive testing and iterations in design (see Chapter 
5). Conroy, Sørensen and Ivankovic (2014) reported having issues with unwanted lateral 
movement and twisting of the specimen. With the introduction of the PTFE pins and the new 
roller system, these twisting and unwanted lateral moments have been completely removed.  
The ߛ ൌ 1 with ܯ2 ܯ1⁄ ൌ 0 (see Figure 59) data has not lined up with the rest of the data. 
This test does have a lot of bending in comparison to the bending moment ratios on either 
side of it. It is also unusual as it only uses one transverse beam as opposed to the usual two. 
This could be causing an issue during testing.  
As with most UD composite testing, fibre bridging has been observed throughout the testing. 
Sometimes the fibre bridging is over the whole propagation region. This can be reduced by 
using angled plies (for example, Davidson, Bialaszewski and Sainath, 2016) or with the 
injection of carbon-nano-tubes into the resin during curing (Shokrieh, Zeinedini and 
 
6. Fracture toughness test results 232 
 
Ghoreishi, 2017). It is however, worth noting that the fibre bridging observed here is not 
nearly as severe as the fibre bridging observed by Pereira and de Morais (2004) in Section 
3.3.4. 
 
Figure 152: Fibre bridging during testing 
It is possible that the highly geometrically non-linear bending is artificially raising the 
fracture toughness. With the large rotations of the transverse beam the ܮଵ to ܮଶ distance is 
measured from the horizontal position, not taking into account that that distance will decrease 
with the rotation. If there is a difference in rotation between the two transverse beams, they 
will get shorter by different amounts, which will have an effect on the bending moment ratio. 
This issue likely had a larger effect on ߛ ൌ 1 than on ߛ ൌ 2. 
To ensure the correct bending moment ratio in the test; the cable and transverse beam angles 
are set so that the beams are horizontal and the cable is vertical for the start of propagation. 
This does leave a period where the bending moment ratio is not exact before and after this 
point. Figure 153 shows rotation of the transverse arms during testing. Certain tests, 
especially mode II dominated testing had large amounts of rotation, by the end of test; the 
bending moment ratio will have changed from ܯ2 ܯ1⁄ ൌ ݔ  to ܯ2ݎ݋ݐܽݐ݁݀ ܯ1ݎ݋ݐܽݐ݁݀⁄ ൌ
ݔݎ݋ݐܽݐ݁݀. 
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Figure 153: Transverse beam rotation 
At the end of the tests there is often continued crack propagation. This was observed in the 
DCB testing done to the ASTM (2007e3) as well. If the displacement rate were decreased, 
this might stop this, which might impact the results of the testing. 
Sometimes the displacement of the specimen can be very high and the test specimen can 
move out of the view of the camera. There should be free movement in the vertical direction 
it allow for adjustment of this. This could be fixed by using a camera with a larger field of 
view, without sacrificing the resolution needed to track the crack tip.  
Stoppages or jams can occur from time to time; these are often due to large amounts of 
bending of the specimen in the rollers.  
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The processing is a place that could be improved by the use of more automation. Fixing a 
better spatial reference frame would be necessary to allow for better (automated) crack 
tracking. 
The apparatus has been extensively tested, iterated and improved. It has performed well, but 
more work into the testing of asymmetric specimens and the ܯ2 ܯ1⁄ ൌ 0 is required. 
6.7. Conclusions 
UBM tests have been carried out at 16 different test points, which includes two different 
thickness ratios with eight different bending moment ratios for each, and with five repeats of 
each test (although occasionally the data from one of the repeats is not presented due to a test 
problem). This is in addition to five DCB tests with symmetric specimens. Therefore this 
chapter documents the results of 85 tests. The fracture toughness for each was determined by 
using three different compliance calibration methods to find the initiation fracture toughness 
and propagation fracture toughness. 
Each fracture test produced an ‘R-curve’, whereby the fracture toughness increased after 
initiation up to a plateau, which (as explained in the literature) is due to fibre bridging. This 
plateau represents the propagation fracture toughness. In some cases for large crack 
propagation lengths, geometric non-linearity due to large bending deformation began to 
increase the fracture toughness again. These regions were ignored when determining the 
propagation fracture toughness as they do not represent the true fracture toughness. 
Four different mixed-mode fracture partition theories were assessed to see which of them can 
produce the same failure locus for mid-plane delaminations as for offset delaminations. They 
all agreed on the partition for symmetric specimens, so the failure locus was obtained with 
confidence for symmetric specimens. The mode I fracture toughness was determined as 
ܩூ௖ ൎ 1.2	N/mm for initiation and ܩூ௖ ൎ 2.0N mm⁄  for propagation. The mode II fracture 
toughness was determined as ܩூூ௖ ൎ 3.7	N/mm  for initiation and ܩூூ௖ ൎ 5.3N mm⁄  for 
propagation. The mode I fracture toughness results are consistent with those obtained by 
conventional DCB testing (ASTM, 2007e3). 
For the symmetric specimens, there is an increasing trend in the fracture toughness with the 
increase in the component of mode II fracture, but with a large ‘bump’ in the data at ܩூூ ܩ⁄ ൌ
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0.43, which corresponds to a bending moment ratio of ܯଶ ܯଵ⁄ ൌ 0. It is not clear if the 
fracture toughness measurements at this test point represent the real fracture toughness or if 
the results have been affected in some way by the configuration of the UBM apparatus, as for 
this bending moment ratio, the cables were only connected to one of the transverse loading 
beams (as opposed to the usual two), so the configuration of the apparatus is unavoidably 
different at this point. 
For specimens with a thickness ratio of ߛ ൌ 2 , the initiation fracture toughness was 
determined to be roughly constant at about 2.3 N/mm across the whole range of fracture 
mode partition GGII . Similarly, the propagation fracture toughness was determined to be 
roughly constant at about 4.4 N/mm across whole full range of fracture mode partition GGII . 
The experimental scatter, however, represents a large proportion of the total measured 
fracture toughness in both cases, particularly for mode II-dominated fractures, so it was hard 
to identify if there is any trend, as the fracture toughness could be constant, or even rising or 
falling as permitted by the large error bars. 
Since the fracture toughness data for asymmetric specimens has a low range and is quite ‘flat’ 
for both initiation and propagation, neither closely follows the fracture toughness for 
symmetric specimens, which are believed to provide the correct failure loci, even when the 
experimental scatter is taken into account. This is the case for all of the different mixed-mode 
partition theories considered. This behaviour is completely unexpected because testing using 
conventional tests does not show this. 
When comparisons are made with a similar programme of testing carried out by Conroy, 
Sørensen and Ivankovic (2014), it is very interesting to see that independently they obtained 
similar trends, that is, they observe a large ‘bump’ in the fracture toughness for ܯ2 ܯ1⁄ ൌ 0 
and similar ‘flat’ results for asymmetric specimens, even though they used a different 
material, a different set of UBM test apparatus, and different specimen geometry. 
An explanation for this behaviour is not obvious. As shown by symmetric specimen testing, 
the fracture toughness does depend on the fracture mode partition. The fact that this 
dependency is not clearly observable for asymmetric specimens when using the UBM test 
with two different materials, with two different geometries and by independent researchers, 
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suggests that there is likely to be an as-yet unidentified flaw in the design or operation of the 
UBM apparatus, although a number of possible causes have been discussed. 
To further investigate the effect of fracture mode partition on fracture toughness, and to help 
discover if there is a flaw with the UBM test, DIC will be used to measure the near-crack tip 
2D strain fields for a range of bending moment ratios to see which bending moment ratio can 
produce a pure mode crack and if any of these bending moment ratios correspond to the 
predictions from any of the mixed-mode partition theories. This is the topic of the next 
chapter. 
7. Fracture testing with 
digital image correlation 
7.1. Introduction 
The fracture toughness testing in Chapter 4 and Chapter 6 has produced some peculiar and 
unintuitive outcomes: In Chapter 4, Wang and Harvey’s (2012a) Euler beam partition theory 
governed the propagation of brittle interface fracture. This was explained by the observation 
(Wang and Harvey, 2012a) that 2D elasticity-based partitions (Hutchinson and Suo, 1992) 
approach Euler beam partitions when the crack growth size is increased. The proposed 
explanation is that crack extension develops over a finite-size zone instead of over the 
infinitesimal length assumed by the local 2D elasticity-based partition theory. In Chapter 5 
when using UBM apparatus, the fracture toughness data for asymmetric glass/epoxy 
specimens was found to have a low range and to be quite ‘flat’ for both initiation and 
propagation. Furthermore, the failure loci from asymmetric specimen testing did not match 
the failure loci obtained from symmetric specimen testing, which are believed to be the 
correct ones, even when the experimental scatter is taken into account. 
The results from above make further investigation by another means desirable, and this is the 
motivation for this chapter. The idea for the work in this chapter comes from the fact that 
fracture mode partition is, by definition, dependent on near-crack tip deformation. Therefore, 
the aim is to measure the near-crack tip strain fields using DIC to test the accuracy of the 
various partition theories. The objectives are: (1) to determine what pure mode strain fields 
look like by using symmetric specimens (i.e. ߛ ൌ 1), (2) to determine which bending moment 
ratios can produce these same pure mode strain fields when using asymmetric specimens (i.e. 
ߛ ് 1), and (3) to attempt to correlate this pure modes with one of the partition theories in the 
literature, with particular attention to Wang and Harvey’s (2012) Euler beam partition theory. 
The UBM apparatus will be used to achieve these aims because it is expected that the near-
crack tip strain fields strongly depend on the applied loads. Since all the partition theories in 
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the literature operate with bending moments, but few can accommodate shear forces, it is 
therefore necessary to apply pure bending moment with no shear forces. 
The work in this chapter was jointly carried out with Dr Shuo Dai, a postdoctoral researcher. 
The author’s contribution to the work was in the development of the UBM apparatus (see 
Chapter 5), and in the interpretation of the results, which is the major component of this 
chapter. Dr Dai developed the test methodology to measure the near-crack tip strain fields 
using DIC, and carried out the testing and post-processing. The work was funded by the 
Engineering and Physical Sciences Research Council (EPSRC) under grant reference 
EP/M000958/1. 
7.2. Experimental procedure 
7.3. UBM test apparatus 
The UBM apparatus was modified based on a previous design by Sørensen et al. (2006) as 
shown in Figure 154 and Figure 155. Details of the development and modifications are given 
in Chapter 5. Balancing weights were used instead of springs to counter the weight of the 
transverse arms, so that both arms can move freely without applying extra load to the 
specimen. The weight of the transverse arms and mounting blocks were carefully designed so 
that the centre of gravity of the arm was close to the specimen, which reduces the movement 
of the specimen during loading. The angle of the mounting blocks can be adjusted to 
accommodate different bending radius of the specimen, and the positions of the pulleys can 
be adjusted along the slots to accommodate different bending moment ratios. The pulley at 
the upper beam allows the loading system to use only one cable, which ensures that forces in 
the cable are equal. 
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Figure 154: Schematic of the UBM test rig 
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Figure 155: UBM test rig 
7.3.1. Sample preparation 
The UBM samples were prepared as follows. First, glass fibre DCB UD laminate panels were 
manufactured. The panels were made by hand-lay up of 24 layers of Cytec MTM28-1 
prepregs. A 13‐μm-thick unperforated ETFE release film was used as an insert to create a 
50 mm long pre-crack. The laminate was cured in a vacuum bag at 60ºC for 16 hours, and 
was then cut into 25×200 mm samples. Each samples were bonded to steel end-blocks using 
Cytec VTA260 adhesive film which was also cured at 60ºC for 16 hours. The specimen 
geometry is shown in Figure 156. The nominal thickness of the GFRP laminate is 3 mm, and 
the selected thickness ratios are 0.5, 1, and 2. 
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Figure 156: DCB specimen dimensions 
Random black speckles on matt-white background were applied to all of the DCB samples 
using Iwata-Custom Micron B airbrush and Tamiya acrylic paint. The paint was diluted with 
water (1 part paint: 1 part water) before spraying so that each big droplet contains several 
micro paint droplets. The air pressure was set to be at 4 bar, and nozzle size was set to be 
minimum in order to minimise the droplet size and achieve a micro-scale speckle pattern as 
shown in Figure 157. 
 
Figure 157: Example of a speckle pattern 
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7.3.2. Testing procedure 
The LaVision DIC system was used to analyse the strain field near crack tip. The system 
contains a 12-bit CCD camera (Imager E-lite) with a 12× zoom lens system which produce a 
field of view of approximate 0.3×0.25 mm as shown in Figure 158. Each DCB sample was 
first pre-cracked using symmetrical loading (ܯଶ ܯଵ⁄ ൌ െ1), and the loading was stopped 
once the crack started to propagate. Tests with other bending moment ratios were conducted 
after pre-cracking, and the load was limited under critical level so that the crack would not 
propagate. The angle of the loading blocks were set for each bending moment ratio so that 
both arms can be horizontal at the end of loading as show in Figure 154. Baseline tests were 
conducted on samples with no deformation to determine the noise level associated with 
vibration, refocusing, sample movement, etc. The procedure and parameters used in baseline 
tests were exactly the same as the other tests. The noise level of opening strain and shear 
strain is ±8×10-3. 
 
Figure 158: DCB specimen with its associated geometry and transferred loads 
The stages of the testing procedure are as follows: 
1. Pre-cracking 
a. Load specimen symmetrically (ܮଶ ܮଵ⁄ ൌ െ1ሻ until crack starts to propagate. 
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2. Locate crack tip 
a. Focus camera on visible crack tip. 
b. Record for 30 min or until load stops decreasing. 
c. Unload. 
d. Post-process recording to locate crack tip based on strain field. 
e. Reposition camera so that crack tip is at top-middle of view. 
 
3. Configure test fixture 
a. Set moment arms, ܮଵ and ܮଶ, to achieve desired bending moment ratio. 
b. Load to 80% of critical load (based on pre-cracking). 
c. Measure angles of transverse beams. 
d. Offset starting angle of transverse beams. 
 
4. Test 
a. Focus camera on identified crack tip location. 
b. Load specimen to 80% critical load to avoid propagation. 
c. Post-process data to obtain near crack tip strain field. 
7.4. Results 
7.4.1. Pure modes in symmetric DCB specimens 
Symmetric specimens were considered first, with a range of different bending moment ratios. 
The DIC results after post-processing are shown in Figure 159. Results from five different 
bending moment ratios are shown in subfigures a to e: ܯଶ ܯଵ⁄ ൌ െ4,െ1, 0, 1, and	2.85 
respectively. In Figure 159 and in all subsequent DIC results figures in this chapter, each 
subfigure consists of two plots: The top plot shows the opening strain ߝ௫௫ ahead of the crack 
tip, and the bottom plot shows the shearing strain ߝ௫௬ ahead of the crack tip. Note that the 
strain fields are orientated such that they correspond with Figure 158, with the ݔ-axis being 
vertical, and the ݕ-axis being horizontal. The colour represents the strain magnitude, with 
white being zero strain, red being maximum positive strain, and blue being maximum 
negative strain. All subfigures share the same colour bar, and hence are directly comparable. 
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Note that only one test specimen was used to generate Figure 159, test specimen 10, denoted 
by “TS 10” in the subfigure titles. This is considered acceptable as the only crack propagation 
that a specimen undergoes is during mode I pre-cracking, which is part of the specimen 
preparation. After this, during the actual testing procedure, the crack is always loaded to less 
than the critical load. Consequently, the crack can be load with one bending moment ratio, 
and the unloaded and reloaded in another bending moment ratio without adversely affecting 
the results.  
Also note that in the following figures, sometimes the strain field is not displayed for the 
whole range of ݔ and ݕ, and there are empty white spaces. This is because the crack tip 
gradually moves during loading and it is therefore difficult to keep the crack tip accurately 
centred in the camera’s field of view throughout the test. Since images are needed for the 
whole test, beginning to end, to calculate the strain field, parts of the strain field cannot be 
calculated and these correspond to the small regions that are missing from the following 
figures. 
For symmetric partition theories, all the major partition theories unanimously agree that a 
pure mode I fracture is obtained with symmetric loading (i.e. with ܯଶ ܯଵ⁄ ൌ െ1), and that a 
pure mode II fracture is obtained with anti-symmetric loading (i.e. with ܯଶ ܯଵ⁄ ൌ 1). The 
DIC test results in Figure 159b seem to confirm that the strain field in the region immediately 
ahead of the crack tip are strongly opening dominated for pure mode I. Oppositely, Figure 
159d shows that the strain field is strongly shearing dominated for pure mode II. 
At other loading conditions, that is at ܯଶ ܯଵ⁄ ൌ െ4, 0, and	1, the strain fields are a mix of 
both opening and shearing, as shown by Figure 159 in subfigures a, c and e. 
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Figure 159: Strain fields on the delaminating interface on symmetric specimens (i.e. 1 ) 
for various bending moment ratios 
 
7. Fracture testing with digital image correlation 246 
 
Figure 159 only shows the results from one test per bending moment ratio. To examine the 
level of repeatability, Figure 160 shows the strain field results from three different symmetric 
specimens, namely, test specimens 9, 6, and 10, all loaded anti-symmetrically (i.e. with 
ܯଶ ܯଵ⁄ ൌ 1). Also, Figure 161 shows the results from these same three specimens loaded 
symmetrically (i.e. with ܯଶ ܯଵ⁄ ൌ െ1). For repeatability, the symmetric test strain fields in 
Figure 160 and in Figure 159b all need to be the same, or very similar. Similarly, for 
repeatability, the anti-symmetric test strain fields in Figure 161 and in Figure 159d also all 
need to be the same, or very similar. 
 
Figure 160: Repeatability of the strain field measurements on the delaminating interface on 
symmetric specimens (i.e. 1 ) for 112 MM  
First consider Figure 160 with symmetric specimens and symmetric loading. In all three cases, 
the strain fields look reasonably similar. The opening strain is strongly dominant, and 
shearing strain is much weaker. Obtaining a high level of repeatability was difficult: This 
may be because the specimens have a complicated microstructure of fibres, resin and voids 
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which are relatively non-uniform on the scale of observation. If the delamination can 
propagate through the resin-rich region between plies without any fibre-bridging, 
intralaminar cracking or jumping between plies, then it was expected that a degree of 
repeatability could be obtained, and Figure 160 reflects this. 
 
Figure 161: Repeatability of the strain field measurements on the delaminating interface on 
symmetric specimens (i.e. 1 ) for 112 MM  
Next consider Figure 161 with symmetric specimens and anti-symmetric loading. This figure 
shows the worst case of repeatability. This is not unexpected: The fracture toughness testing 
in Chapter 6 showed large experimental scatter for mode II-dominated fractures, with the 
standard deviation of the fracture toughness measurements representing a large proportion of 
the total value. 
Test specimen 9 (Figure 161a) shows cracking that is not confined to the interface as it is 
growing rightwards. Test specimen 6 (Figure 161b) is hard to understand—it is possible that 
the crack tip is outside of the field of view altogether. Test specimen 10 (Figure 161c), 
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however, shows strongly dominant shearing strain and much weaker opening strain, which is 
as expected. 
7.4.2. Pure modes in asymmetric DCB specimens 
Symmetric specimens were considered next, with a range of different bending moment ratios, 
which are the same as the ones used in Section 7.4.1, and with two different thickness ratios 
(i.e. ߛ ൌ 2 and ߛ ൌ 0.5). 
For asymmetric specimens, the crack is not centrally located through the thickness. 
Consequently, it is not known with confidence what the pure mode bending moment ratios 
are. The aim of this section is to identify which bending moment ratios can achieve the same 
near-crack tip strain fields as obtained for pure mode loading in Section 7.4.1, that is, Figure 
159b for pure mode I, and Figure 159d for pure mode II. 
The DIC results after post-processing for asymmetric specimens with ߛ ൌ 2 are shown in 
Figure 162. The results seems to show two pure mode I conditions at ܯଶ ܯଵ⁄ ൌ െ4 (Figure 
162a) and ܯଶ ܯଵ⁄ ൌ െ1  (Figure 162b), as these strain fields are strongly dominated by 
opening strain with weak shearing strain. There may also be a pure mode II condition at 
ܯଶ ܯଵ⁄ ൌ 2.85 (Figure 162e): Both opening and shearing strain are weak in this case, but 
nevertheless, it seems to be dominated by shearing strain. At other loading conditions, that is 
at ܯଶ ܯଵ⁄ ൌ 0	and	1, the strain fields are a mix of both opening and shearing, as shown by 
Figure 162 in subfigures c and d. 
Note that the bending moment ratios tested in this section and in Section 7.4.1 have been 
specifically chosen to test Wang and Harvey’s (2012a) mixed-mode partition theory. Some of 
the earliest work on partitioning mixed-mode was carried out by Williams (1988), in which 
he puts forward ܯଶ ܯଵ⁄ ൌ െ1 as pure mode I for all thickness ratios. This was subsequently 
described as ‘conceptually flawed’ by Hutchinson and Suo (1992). Later, Wang and Harvey 
(2012a) discovered that Euler beam partition theory also predicts this bending moment ratio 
as giving pure mode I, but also added ܯଶ ܯଵ⁄ ൌ െߛଶ  as another pure mode I bending 
moment ratio. The orthogonal pure mode II fracture modes from Euler beam partition theory 
are ܯଶ ܯଵ⁄ ൌ ߛሺ3 ൅ ߛሻ ሺ1 ൅ 3ߛሻ⁄  and ܯଶ ܯଵ⁄ ൌ ߛଷ . For a thickness ratio of ߛ ൌ 2, these 
correspond to ܯଶ ܯଵ⁄ ൌ െ4,െ1, 2.85	and	8 . Three of these bending moment ratios are 
 
7. Fracture testing with digital image correlation 249 
 
shown in Figure 162, but ܯଶ ܯଵ⁄ ൌ 8 could not be achieved because the transverse loading 
beams were not long enough. 
These results in Figure 162 seem to support both െ1  and െߛଶ  as pure mode I loading 
conditions, and ܯଶ ܯଵ⁄ ൌ ߛሺ3 ൅ ߛሻ ሺ1 ൅ 3ߛሻ⁄  as a pure mode II loading condition. 
 
7. Fracture testing with digital image correlation 250 
 
 
Figure 162: Strain fields on the delaminating interface on asymmetric specimens with 2  
for various bending moment ratios 
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Figure 163 examines the repeatability of the ܯଶ ܯଵ⁄ ൌ െ4  case (which is pure mode I 
according to Figure 162a). In all repeats, the strain field is strongly dominated by opening 
with only very weak shearing. The repeatability is therefore considered to be very good. 
 
Figure 163: Repeatability of the strain field measurements on the delaminating interface on 
asymmetric specimens with 2  for 412 MM  
The DIC results after post-processing for asymmetric specimens with ߛ ൌ 0.5 are shown in 
Figure 163 with a different set of numerical bending moments values, although they still 
correspond to ܯଶ ܯଵ⁄ ൌ െߛଶ  and ܯଶ ܯଵ⁄ ൌ െߛଶ  in Figure 163a and b respectively 
(expected to be pure mode I), and ܯଶ ܯଵ⁄ ൌ ߛሺ3 ൅ ߛሻ ሺ1 ൅ 3ߛሻ⁄  in Figure 163d (expected to 
be pure mode II). It should be noted that this round of testing with ߛ ൌ 0.5 is essentially 
equivalent to the previous round with ߛ ൌ 2 as the thickness ratios and bending moment 
ratios have simply been inverted. 
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Figure 164: Strain fields on the delaminating interface on asymmetric specimens with 
5.0  for various bending moment ratios 
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The results in Figure 164 seems to show two pure mode I conditions at ܯଶ ܯଵ⁄ ൌ െ1 (Figure 
164a) and ܯଶ ܯଵ⁄ ൌ െ0.25 (Figure 164b), as these strain fields are strongly dominated by 
opening strain with weak shearing strain. As explained above, these are the pure mode I-
giving bending moment ratios from Euler beam partition theory. There also seems to be a 
pure mode II condition at ܯଶ ܯଵ⁄ ൌ 0.35 (Figure 164d) as the strain fields dominated by 
shearing strain. At other loading conditions, that is at ܯଶ ܯଵ⁄ ൌ 0	and	1, the strain fields are 
a mix of both opening and shearing, as shown by Figure 164 in subfigures c and e. It is, 
however, interesting to note that the strain field in subfigure c for ܯଶ ܯଵ⁄ ൌ 0 is still mainly 
dominated by shearing strain, even though it is still a mix of both opening and shearing. This 
is understandable since one of the pure mode II modes from the Euler beam partition theory 
is given by ܯଶ ܯଵ⁄ ൌ ߛଷ  which is 0.125 when ߛ ൌ 0.5 . As 0.125 is close to 0, it is 
understandable for expected for the strain field for the ܯଶ ܯଵ⁄ ൌ 0 to be mode II dominated. 
The pure mode-giving bending moment ratios from the various partition theories are 
compared against the test results in Table 110 for pure mode I cracks and in Table 111 for 
pure mode II cracks. The expressions for ߠ and ߠ′ are given by Eqs. (68) and (72), for ߚ and 
ߚ′ are given by Eqs. (70) and (74), ߠଶୈ is obtained by finding the value of ܯଶ ܯଵ⁄  that makes 
Eq. (86) equal to zero, and ߚଶୈ is obtained by finding the value of ܯଶ ܯଵ⁄  that makes Eq. (85) 
equal to zero. 
Table 110: Comparison of theory and test bending moment ratios for pure mode I cracks 
ܯଶ/ܯଵ for pure mode I 
ߛ ൌ ݄ଶ/݄ଵ Expt. Euler Timo. 2D 
Theory - ߠ, ߠ′ ߠ ߠଶୈ 
1 െ1 െ1 െ1 െ1 
2 െ4, െ1 െ4, െ1 െ4 െ3.06 
0.5 െ0.25, െ0.1 െ0.25, െ0.1 െ0.25 െ0.33 
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Table 111: Comparison of theory and test bending moment ratios for pure mode II cracks 
ܯଶ/ܯଵ for pure mode II 
ߛ ൌ ݄ଶ/݄ଵ Expt. Euler Timo. 2D 
Theory - ߚ, ߚ′ ߚ ߚ2D 
1 1 1 1 1 
2 2.86, ? 2.86, 8 2.86 3.51 
0.5 0.35, ∼ 0 0.35, 0.13 0.35 0.28 
 
It is seen that the experiment supports the Euler beam partition theory in two ways: (1) In the 
existence of two sets of pure modes, with ሺߠ, ߚሻ  representing the first set and ሺߠ′, ߚ′ሻ 
representing the second set. None of the other partition theories predicts two sets of pure 
modes, so this is support for the Euler beam partition theory. (2) In the numerical values of 
the bending moment ratios that produce these pure modes. 
7.5. Conclusions 
Symmetric and asymmetric glass/epoxy UD laminated composite specimens with a range of 
thickness ratio have been tested using the UBM test apparatus in order to measure the near-
crack tip strain fields using DIC. A test methodology was developed for this purpose to 
observe the near-crack tip region at high magnification and obtain the strain field on the edge 
of each specimen over a 0.1×0.1 mm2 area centred on the crack tip. 
The DIC test results appear to show two sets of pure modes, that is, two pure mode I modes, 
and two pure mode II modes, with their numerical values roughly corresponding to those 
from Wang and Harvey’s (2012a) Euler beam partition theory. It should be noted that, as far 
as the author’s knowledge is concerned, the Euler beam partition theory is also the only one 
in the literature to predict the existence of two sets of pure modes. The DIC test results 
therefore support the Euler beam partition theory. This conclusion is consistent with that from 
conventional fracture testing in Chapter 4. The results were not able to discover if there is any 
flaw with the UBM test, as hypothesised at the end of Chapter 6. 
The above conclusions, however, come with some caveats: (1) Only a limited range of 
thickness ratios have been tested. Further thickness ratios need to be tested to establish the 
strength of the conclusions. (2) Obtaining repeatable results is difficult, particularly for mode 
II-dominated fractures. (3) Interpreting strain fields is difficult. In this work, the strain fields 
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are qualitatively examined to determine whether it is broadly mode I- or mode II-dominated, 
or whether it is mixed. 
Note: A journal article is being prepared based on this chapter: Dai, S. Harvey, C.M. Eplett, 
M.R. Cunningham P. and Wang S. (2017), ‘The mixed-mode fracture mechanics of 
delamination glass/epoxy laminates’, In preparation. It was also presentenced at the 19th 
International Conference on Composite Structures in Porto, June 2016. 
 
8. Conclusions 
The aim of this thesis was to determine which mixed-mode partition theory is the best, that is, 
which is able to most accurately predict the fracture toughness of a mixed-mode delamination 
in a fibre-reinforced polymer composite laminate, and also, to investigate why. To this end, a 
preliminary study using data from the literature and two original programmes of testing have 
been carried out. Furthermore, the UBM apparatus has been developed and used for the 
testing to ensure pure bending moments instead of bending moments combined with through-
thickness shear forces. 
The work appears to show that, of all the partition theories assessed, Wang and Harvey’s 
(2012a) Euler beam partition theory is able to most accurately predict the fracture toughness 
of a mixed-mode delamination in a fibre-reinforced polymer composite laminate. This 
statement is based on the outcomes of three separate studies: 
Preliminary study 
A preliminary study using data from the literature, some of the most comprehensive and 
thorough experimental test data to be found: Davidson, Gharibian and Yu (2000) and 
Davidson, Bialaszewski and Sainath (2006), three approaches to partitioning a mixed mode 
are assessed. They are: (1) Wang and Harvey’s Euler beam partition theory; (2) Davidson et 
al.’s non-singular-field partition theory; and (3) finite element simulation based on 2D 
elasticity to obtain the singular-field partition. Wang and Harvey’s Euler beam partition 
theory is derived completely analytically while Davidson et al.’s non-singular-field partition 
theory is derived with the aid of experimental test results. 
Wang and Harvey’s Euler beam partition theory has excellent agreement with experimental 
test results and gives very accurate predictions of interfacial fracture toughness laminated 
composite beams with arbitrary layups, various thickness ratios and various loading 
conditions. It is a very valuable theory for academic research of fracture and fatigue of 
advanced materials. Furthermore, it can play a very valuable role in the design of engineering 
structures made of layered materials. 
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Davidson et al.’s non-singular-field partition theory has excellent agreement with 
experimental test results and with Wang and Harvey’s Euler beam partition theory (inside the 
range 331  ) for UD laminated composite materials. Its accuracy is still very good for 
MD laminated composite beams; however, it has been observed and argued that overall 
Wang and Harvey’s Euler beam partition theory offers improved accuracy. In general, the 
singular-field approach based on 2D elasticity and the FEM give poor predictions. 
It is worth noting that different fracture toughness values, IcG  and IIcG , for angle ply and UD 
ply interfaces results in different failure loci. Therefore care has to be taken when making 
comparisons between the two in order to compare like with like. 
UBM apparatus 
In this work, Sørensen  et al.’s (2006) original UBM bending apparatus design has been 
developed to address several of its shortcomings. In several cases the developments have 
been significant: (1) Counter-weighting the transverse arms on their centres of gravity to 
avoid transferring these gravity loads to the specimen. (2) Not using springs as part of the 
system to apply bending moments (which caused problems in mode II-dominated fractures 
when the springs could not go into compression). 
In other cases, the UBM developments have been refinements: (1) Using Dyneema fibre 
polyethylene cabling instead of steel cable to remove cable extension. (2) Using one cable 
around both sides of the apparatus (with a novel cable continuation pulley) to prevent any 
loading mismatch. (3) Using PTFE pins to prevent any out-of-plane rotation of the specimen. 
Another major contribution has been in developing the UBM testing procedure, and in 
identifying what factors are important for a successful test: (1) Recognising the importance of 
not transferring bending moments into the load cell. (2) Using cameras and image processing 
software to track the crack tip. (3) Recognising the importance of using thicker specimens to 
minimise geometrically nonlinear effects. Several of the refinements listed in the paragraph 
above are actually critical for successful testing; even though they may not seem to be major 
developments in themselves. The knowledge of what is important for successful testing is 
expected to be useful for researchers and engineers operating the UBM test apparatus in the 
future, as many of the possible modifications have already been explored in this thesis, and 
included if they are beneficial, or discarded if not (for example, the use of additional supports 
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to link the upper beam and transverse beams, which initially looked like a valuable 
contribution, but did not work very well in practice). 
Experimental assessment 
UBM tests have been carried out at 16 different test points, which includes two different 
thickness ratios with eight different bending moment ratios for each, and with five repeats of 
each test (although occasionally the data from one of the repeats is not presented due to a test 
problem). This is in addition to five DCB tests with symmetric specimens. Therefore this 
chapter documents the results of 85 tests. The fracture toughness for each was determined by 
using three different compliance calibration methods to find the initiation fracture toughness 
and propagation fracture toughness. 
Each fracture test produced an ‘R-curve’, whereby the fracture toughness increased after 
initiation up to a plateau, which (as explained in the literature) is due to fibre bridging. This 
plateau represents the propagation fracture toughness. In some cases for large crack 
propagation lengths, geometric non-linearity due to large bending deformation began to 
increase the fracture toughness again. These regions were ignored when determining the 
propagation fracture toughness as they do not represent the true fracture toughness. 
Four different mixed-mode fracture partition theories were assessed to see which of them can 
produce the same failure locus for mid-plane delaminations as for offset delaminations. They 
all agreed on the partition for symmetric specimens, so the failure locus was obtained with 
confidence for symmetric specimens. The mode I fracture toughness was determined as 
ܩூ௖ ൎ 1.2	N/mm for initiation and ܩூ௖ ൎ 2.0N mm⁄  for propagation. The mode II fracture 
toughness was determined as ܩூூ௖ ൎ 3.7	N/mm  for initiation and ܩூூ௖ ൎ 5.3N mm⁄  for 
propagation. The mode I fracture toughness results are consistent with those obtained by 
conventional DCB testing (ASTM, 2007e3). 
For the symmetric specimens, there is an increasing trend in the fracture toughness with the 
increase in the component of mode II fracture, but with a large ‘bump’ in the data at ܩூூ ܩ⁄ ൌ
0.43, which corresponds to a bending moment ratio of ܯଶ ܯଵ⁄ ൌ 0. It is not clear if the 
fracture toughness measurements at this test point represent the real fracture toughness or if 
the results have been affected in some way by the configuration of the UBM apparatus, as for 
this bending moment ratio, the cables were only connected to one of the transverse loading 
 
8. Conclusions 259 
 
beams (as opposed to the usual two), so the configuration of the apparatus is unavoidably 
different at this point. 
For specimens with a thickness ratio of ߛ ൌ 2 , the initiation fracture toughness was 
determined to be roughly constant at about 2.3 N/mm across the whole range of fracture 
mode partition GGII . Similarly, the propagation fracture toughness was determined to be 
roughly constant at about 4.4 N/mm across whole full range of fracture mode partition GGII . 
The experimental scatter, however, represents a large proportion of the total measured 
fracture toughness in both cases, particularly for mode II-dominated fractures, so it was hard 
to identify if there is any trend, as the fracture toughness could be constant, or even rising or 
falling as permitted by the large error bars. 
Since the fracture toughness data for asymmetric specimens has a low range and is quite ‘flat’ 
for both initiation and propagation, neither closely follows the fracture toughness for 
symmetric specimens, which are believed to provide the correct failure loci, even when the 
experimental scatter is taken into account. This is the case for all of the different mixed-mode 
partition theories considered. This behaviour is completely unexpected because testing using 
conventional tests had not previously shown this. 
When comparisons were made with a similar programme of testing carried out by Conroy, 
Sørensen and Ivankovic (2014), it was very interesting to see that they independently 
obtained similar trends, that is, they also observed a large ‘bump’ in the fracture toughness 
for ܯ2 ܯ1⁄ ൌ 0 and similar ‘flat’ results for asymmetric specimens, even though they used a 
different material, a different set of UBM test apparatus, and different specimen geometry. 
An explanation for this behaviour is not obvious. As shown by symmetric specimen testing, 
the fracture toughness does depend on the fracture mode partition. The fact that this 
dependency is not clearly observable for asymmetric specimens when using the UBM test 
with two different materials, with two different geometries and by independent researchers, 
suggests that there is likely to be an as-yet unidentified flaw in the design or operation of the 
UBM apparatus, although a number of possible causes have been discussed. 
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Digital image correlation 
Symmetric and asymmetric glass/epoxy UD laminated composite specimens with a range of 
thickness ratio have been tested using the UBM test apparatus in order to measure the near-
crack tip strain fields using DIC. A test methodology was developed for this purpose to 
observe the near-crack tip region at high magnification and obtain the strain field on the edge 
of each specimen over a 0.1×0.1 mm2 area centred on the crack tip. 
The DIC test results appear to show two sets of pure modes, that is, two pure mode I modes, 
and two pure mode II modes, with their numerical values roughly corresponding to those 
from Wang and Harvey’s (2012a) Euler beam partition theory. It should be noted that, as far 
as the author’s knowledge is concerned, the Euler beam partition theory is also the only one 
in the literature to predict the existence of two sets of pure modes. The DIC test results 
therefore support the Euler beam partition theory. This conclusion is consistent with that from 
conventional fracture testing in Chapter 4. The results were not able to discover if there is any 
flaw with the UBM test, as hypothesised at the end of Chapter 6. 
The above conclusions, however, come with some caveats: (1) Only a limited range of 
thickness ratios have been tested. Further thickness ratios need to be tested to establish the 
strength of the conclusions. (2) Obtaining repeatable results is difficult, particularly for mode 
II-dominated fractures. (3) Interpreting strain fields is difficult. In this work, the strain fields 
are qualitatively examined to determine whether it is broadly mode I- or mode II-dominated, 
or whether it is mixed. 
Final thoughts 
Although this work set out to conclusively determine which mixed-mode partition theory is 
able to most accurately predict the fracture toughness of a mixed-mode delamination in a 
fibre-reinforced polymer composite laminate, and also, to discover why, the work cannot 
truly conclude that Wang and Harvey’s (2012a) Euler beam partition theory is the correct 
choice. Rather, the work only offers strong support for the theory. Despite this, the work 
makes major contributions, including the development of the test apparatus and test 
methodologies. These will be useful for both design engineers and academic researchers, not 
only working with fibre-reinforced polymer composite laminates, but also working with other 
composite materials containing interfacial cracks. 
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The UBM apparatus performed well, however there are a few refinements that could be made 
to its design and the experimental work. 
Post processing could be improved by use of automated scripts and crack tracking software. 
A better spatial reference frame during testing would be very helpful for automated crack 
tracking, which could save a huge amount of time. 
The slots were designed for wide degrees of variability, however this was not really required 
in the end, and a smaller selection of holes at useful distances to create the bending moment 
ratios would be more useful, and easier to setup and machine. 
With the improvement for the cable management, where no termination point is required at 
each end of the upper beam, there is no need for the slot on the side that was designed for 
termination on the upper beam. The middle holes in the upper beam are also unnecessary as 
the criterion to keep ݔ ൌ ݕ (see Figure 47) is imperative. 
Increasing the length of the upper, transverse and lower beams would allow for great ranges 
of bending moment ratios. This would also need more variable rotation on the transverse 
arms at the mounting blocks, to ensure the correct angle can be set for each test.  
It was noted during testing that whilst under load the specimen could be moved up and down. 
This was done for cases with large displacement where the crack tip had moved out of the 
cameras field of view. This showed that the specimen could have been constrained at the 
bottom. The UBM apparatus could be modified to use a grip to constrain the bottom of the 
specimen, if this was desired. 
There was an issue with the testing for specimens with a thickness ratio of ߛ ൌ 2 with a large 
‘bump’ in the fracture toughness for ܯ2 ܯ1⁄ ൌ 0 and ‘flat’ results for asymmetric specimens. 
This has also been observed by Conroy, Sørensen and Ivankovic (2014) even though they 
used a different material, a different set of UBM test apparatus, and different specimen 
geometry. It is unknown if this is a fundamental issue with the UBM test itself, the design of 
the apparatus, or something previously unobserved by other test methods. Further work 
would be interesting and likely informative. 
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This thesis had set-out to fill all the gaps in the testing in this field, unfortunately a few still 
remain and further work including more thickness ratios and ply orientations would paint a 
more complete picture. 
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Apparatus Drawings 
This appendix contains the CAD drawings for the UBM apparatus. 
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